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Abstract 
This paper proposes the combined Laplace-Adomian decomposition method (LADM) for solution 
two dimensional linear mixed integral equations of type Volterra-Fredholm with Hilbert kernel. 
Comparison of the obtained results with those obtained by the Toeplitz matrix method (TMM) 
demonstrates that the proposed technique is powerful and simple. 
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1. Introduction 
The Volterra-Fredholm integral equation (V-FIE) arises from parabolic boundary value problems. The integral 
equations appear in many problems of physics and engineering. The Adomian decomposition method (ADM) was 
proposed by George Adomian in [1] [2]. A lot of examination work has been put as of late in applying this method 
to a wide range of ordinary differential equations, partial differential equations and integral equations, linear and 
nonlinear. Many authors discussed solutions of linear and nonlinear integral equations by utilizing different me-
thods. What’s more, others interested singular integral equation. 

We consider the linear (V-FIE) with singular kernel given by 

( ) ( ) ( ) ( ) ( )
0

, , , , d d
t

u t f t F t k uχ χ λ ρ χ η η ρ η ρ
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There are several techniques that have been utilized to handle the integral Equation (1) in [3]-[5]; a few tech-
niques, for example, the projection method, time collocation method, the trapezoidal Nystrom method, and fur-
thermore analytical or numerical techniques were utilized to treated this equation, but this techniques experienced 
troubles as far as computational work utilized. In [6] treated Maleknejad and Hadizadeh Equation (1) by using the 
Adomian decomposition method presented in [7] [8] introduced Wazwaz [9] the modified Adomian decomposi-
tion method for solving the Volterra-Fredholm integral equations. 

In this work, we display numerical techniques to obtain numerical solution for linear mixed integral equation 
with Hilbert kernel. In Section 2, we talk about the existence and uniqueness of the solution. In Section 3, we 
discuss the Adomian decomposition method, as one of the well known technique and we note that the Adomian 
polynomials do not appear in this work because we handle linear problems. In Section 4, we present the Laplace 
Adomian decomposition method and apply this method to linear mixed integral equation with Hilbert kernel. In 
Sections 5 and 6, we display the Toeplitz matrix method. 

2. The Existence and Uniqueness of the Solution [10] 
Consider the integral Equation (1), the functions ( )k χ η− , ( ),F t ρ  and ( ),f tχ  are given and called the 
kernel of Fredholm integral term, Volterra integral term and the free term  respectively and λ  is a real para-
meter (may be complex and has physical meaning). Also, Ω is the domain of integration with respect to position,  
and the time t, * *0, ,T Tρ  ∈ < ∞  . While ( ),u tχ  is the unknown function to be determined in the space  

( ) *0,pL C T Ω ×   . 
In order to guarantee the existence of a unique solution of Equation (1) we assume through this work the fol-

lowing conditions: 
(i) The kernel of position ( )k χ η−  , 

( ) ( )1 2 1 2, , , , , , ,n nχ χ χ χ χ η η η η η= =   

Satisfies the discontinuity condition 

( ){ } ( )
1

* *d d 1, is a constant
q q

p pk z p zχ η χ η
Ω Ω

  − = > 
  
∫ ∫  

(ii) The kernel of time ( ) *, 0,F t C Tρ  ∈    satisfies ( ) *,F t sρ ≤ , *s  is a constant,  
* *, 0, ,0t T t Tρ ρ ∀ ∈ ≤ ≤ ≤ < ∞  . 

(iii) The given function ( ),f tχ  with its partial derivatives with respect to position χ  and time t is conti- 
nuous in the space ( ) *0,pL C T Ω ×   , and its norm is defined as 

( ) ( ) ( ){ } ( )* *

1

0, 0 0

, max , d d is aconstant
p

t
p p

L C T t T
f t f G Gχ χ ρ χ ρ Ω × Ω≤ ≤ 

= =∫ ∫  

(iv) The unknown function ( ) ( ) *, 0,pu t L C Tχ  ∈ Ω ×    it behaves in this space, as the known function 
( ),f tχ . 

3. The Adomian Decomposition Method for Solving Volterra-Fredholm Integral  
Equation [11] [12] 

Adomian decomposition method [1] [2] defines the unknown function  ( ),u tχ  by an infinite series 

( ) ( )
0

, ,i
i

u t u tχ χ
∞

=

= ∑                                    (2) 

where the components ( ),iu tχ  will be determined recurrently and the nonlinear term decomposed into an infi-
nite series of Adomian polynomials 

( )
0

n
n

u Aγ
∞

=

= ∑  
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The polynomials nA  are produced for all kinds of nonlinearity so that 0A  depends just on 0u , 1A  relies on 
upon 0u  and 1u , and so on. The Adomian polynomial [1] [2], ( )0 1 2, , , ,n nA u u u u , is given by, 

( )0 0

1 d , , , 0,1, 2,
! d

n
i

n in iA u n
n α

γ η ρ α
α

∞

=
=

 = =
 ∑                         (3) 

Substituting Equation (2) into Equation (1) to get  

( ) ( ) ( ) ( ) ( )
0

0 0
, , , , d d

t
i i

i i
u t f t F t k uχ χ λ ρ χ η η ρ η ρ

∞ ∞

Ω
= =

= + −∑ ∑∫ ∫                    (4) 

The components  ( ), , 0iu t iχ ≥  are computed using the following recursive relations 

( ) ( )0 , ,u t f tχ χ=                                                       (5) 

( ) ( ) ( ) ( )1 0
, , , d d

t
i iu t F t k uχ λ ρ χ η η ρ η ρ+ Ω

= −∫ ∫                              (6) 

4. The Combined Laplace-Adomian Decomposition Method Applied to  
Volterra-Fredholm Integral Equation with Hilbert Kernel [13]-[15] 

We consider the kernel ( )k χ η−  of Equation (1) take the form ( ) cot
2

k η χχ η − − =  
 

 and applying the  

Laplace transform to both sides of Equation (1) gives: 

( ){ } ( ){ } ( ){ } ( ){ } ( ){ }, , , ,L u t L f t L F t k uχ χ λ ρ χ η η ρ = + −                    (7) 

The linear term ( ),u tχ  will be represented by the Adomian decomposition from Equation (2). Substituting 
Equation (2) into Equation (7) leads to 

( ) ( ){ } ( ){ } ( ){ } ( )
0 0

, , , ,i i
i i

L u t L f t L F t k uχ χ λ ρ χ η η ρ
∞ ∞

= =

    
= + −    

    
∑ ∑               (8) 

The Adomian decomposition method introduces the recursive relation 

( ){ } ( ){ }0 , ,L u t L f tχ χ=  

( ){ } ( ){ } ( ){ } ( ){ }1 , , , , 0i iL u t L F t k u iχ λ ρ χ η η ρ+
 = − ≥                   (9) 

Applying the inverse Laplace transform to the first part of Equation (9) gives ( )0 ,u tχ . Utilizing ( )0 ,u tχ  will 
empower us to evaluate ( )1 ,u tχ , and so on. This will prompt the complete determination of the components of 

, 0iu i ≥  upon utilizing the second part of Equation (9). The series solution follows promptly after utilizing Eq-
uation (2). The obtained series solution may converge to an exact solution if such a solution exists. 

5. The System of Fredholm Integral Equations (SFIEs) [16] [17] 
In this part, a numerical technique is used, in the integral Equation (1) to obtain a system of linear integral equa- 
tions with singular kernel, so we divide the interval *0,T   , *0 t T≤ ≤ < ∞  as 0 1 20 it t t t= < < < < <   

    
*

pt T< = , where , 1, 2, , .it t i p= =

  Then the formula (1) reduces to SFIEs of the second kind, in the form: 

( ) ( ) ( ) ( )* di i i iu H k uχ χ µ χ η η η
Ω

= + −∫                          (10) 

where 
*

,i i i iw Fµ λ=  

( ) ( ) ( ) ( ) ( )
1

0
d

i

i i j ij j i
j

H f w F k u Rχ χ λ χ η η η χ
−

Ω
=

= + − +∑ ∫                (11) 

where ( )iR χ  is the error. 
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6. The Toeplitz Matrix Method (TMM) [17]-[19] 
In this section, we apply (TMM) to obtain the numerical solution of the SFIEs (10) with singular kernel, each 
equation in this system can be written in a simplify form 

( ) ( ) ( ) ( ) [ ]* d , ,u H k u a aχ χ µ χ η η η
Ω

= + − Ω = −∫                         (12) 

The integral term in Equation (12) can be written as 

( ) ( ) ( ) ( )
* 1 1

*
1

1

1 *d d ,
nh ha N

a nhn N

ak u k u h
N

χ η η η χ η η η
+−

− =−

 − = − = 
 

∑∫ ∫






               (13) 

We approximate the integral in the right hand side of Equation (13) by 

( ) ( ) ( ) ( ) ( ) ( )
1 1

1

1 1 1d
nh h

n n
nh

k u A u nh B u h h Rnχ η η η χ χ
+

− = + + +∫                 (14) 

where ( )nA χ  and ( )nB χ  are two arbitrary functions to be determined and R  is the estimate error which 
depends on χ  and on the way that the coefficients ( ) ( ),n nA Bχ χ  are chosen. Putting ( ) 1,u η η=  in Equa-
tion (14) yields a set of two equations in terms of the two functions ( )nA χ  and ( )nB χ . For choosing the val-
ues of ( )u η , the error R , in this case, must vanish. 

We can, clearly solve the result set of two equations for ( )nA χ  and ( )nB χ , to obtain 

( ) ( ) ( ) ( )1 1
1

1 ,nA nh h I J
h

χ χ χ= + −                                 (15) 

( ) ( ) ( )1
1

1 ,nB J nh I
h

χ χ χ= −                                      (16) 

where 

( ) ( ) ( ) ( )
1 1 1 1

1 1

d ,  d
nh h nh h

nh nh

I k J kχ χ η η χ η χ η η
+ +

= − = −∫ ∫  

Hence, Equation (13) takes the form 

( ) ( ) ( ) ( )
*

*
1d

a N

n
a n N

k u D u nhχ η η η χ
− =−

− = ∑∫




                           (17) 

where 

( )
( )

( ) ( )
( )

*

*
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1
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χ χ χ
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−

−
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The integral Equation (12), after putting 1mhχ =  , becomes 

( ) ( ) ( )
*

*

*
1 , 1 1

N

n
n

m
N

u h D u nh H hm mµ
=−

− =∑ 

                               (18) 

The formula (18) represents a linear system of algebraic equation , where u is a vector of *2 1N +  elements, 
while ,mnD



 is a matrix whose elements are given by 

, , ,n m nmn mD G E= −
  

 

( ) ( ) * *
, 1 1 1 ,n n nmG A h Bm N nmh N−= + − ≤ ≤


   
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The matrix ,mnG


 is a Toeplitz matrix of order *2 1N + , where * *,mN n N− ≤ ≤ . 
The solution of the system (18) can be obtained in the form 

( ) ( ) ( ) ( )1* *
1 , , 1 , ,, 0.n nm m mn n mu h I G E H h I Gm m Eµ µ

−
= − − − − ≠     

   

The error term R  is determined from Equation (14) by letting ( ) 2u η η=  , to get 

( ) ( )( ) ( )( ) ( )
1 1

1

2 22
1 1 1

3
1d

nh h

n n
nh

k A nh B nhR h O hη χ η η χ χ
+

= − − − + =∫  

7. Numerical Example 
Example 1: Consider the linear mixed integral equation with Hilbert kernel 

( ) ( ) ( ) ( )π 2 *
0 π

, , cot , d d , 0 ; π
2

t
u t f t u t Tη χχ χ λ ρ η ρ η ρ χ

−

− = + ≤ ≤ ≤ 
 ∫ ∫            (19) 

0.01, 20Nλ = = , the exact solution ( ) ( ), sin .u t tχ χ=  
we obtain Table 1. 

8. Conclusions 
In this paper, we applied (LADM) for solution two dimensional linear mixed integral equations of type Volterra- 
Fredholm with Hilbert kernel. Additionally, comparison was made with Toeplitz matrix method (TMM). It could 
be concluded that (LADM) was an effective technique and simple in finding very good solutions for these sorts of 
equations. 

Using Maple 18, we obtain Table 1 and Figure 1 (since Figure 1 represents exact solution of u at t = 0.001, λ 
= 0.01, N = 20). 
 
Table 1. Results obtained for example 1 and error.                                                                                        

( ) .TMM u Er−  ( )TMM u  .LADM Er−  ( )LADM u  Exact  χ  t  

2.340000000E−11 −5.877852312E−04 1.620000000E−11 −5.877852676E−04 −5.877852514E−04 −2.5132E+00 

0.001t =  

1.110000000E−11 −9.510565048E−04 6.200000000E−12 −9.510565109E−04 −9.510565171E−04 −1.2566E+00 

5.307017821E−12 5.307017821E−12 1.760000000E−11 1.760000000E−11 0.000000000E+00 0.0000E+00 

1.110000000E−11 9.510565270E−04 6.200000000E−12 9.510565217E−04 9.510565155E−04 1.2566E+00 

1.004000000E−10 5.877851542E−04 1.620000000E−11 5.877852392E−04 5.877852554E−04 2.5132E+00 

6.262300000E−07 −1.763293141E−02 4.368700000E−07 −1.763399441E−02 −1.763355754E−02 −2.5132E+00 

0.03t =  

2.985300000E−07 −2.853139695E−02 1.668800000E−07 −2.853152893E−02 −2.853169551E−02 −1.2566E+00 

1.433100000E−07 1.433104100E−07 5.399280000E−07 5.399279998E−07 0.00000000E+00 0.0000E+00 

2.994600000E−07 2.853199494E−02 1.668700000E−07 2.853186233E−02 2.853169546E−02 1.2566E+00 

2.710200000E−06 1.763084744E−02 4.368700000E−07 1.763312079E−02 1.763355766E−02 2.5132E+00 

8.208891800E−03 −4.032407864E−01 5.509811800E−03 −4.169594878E−01 −4.114496760E−01 −2.5132E+00 

0.7t =  

3.788791000E−03 −6.619507701E−01 2.183584500E−03 −6.63559775E−01 −6.657395620E−01 −1.2566E+00 

1.906364353E−03 1.906364353E−03 6.859341229E−03 6.859339549E−03 0.000000000E+00 0.0000E+00 

4.001864900E−03 6.697414260E−01 2.055721600E−03 6.677952824E−01 6.657395608E−01 1.2566E+00 

3.479475530E−02 3.766549229E−01 5.588835400E−03 4.058608434E−01 4.114496788E−01 2.5132E+00 
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Figure 1. The exact value of u and the value of u using (LADM).                                       
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