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Abstract

In order to assess the performance indexes of some practical systems having fixed channel capacities,
such as telecommunication networks, power transmission systems or commodity pipeline systems, we
propose various types of techniques for analyzing a capacitated network. These include Karnaugh maps,
capacity-preserving network reduction rules associated with delta-star transformations, and a
generalization of the max-flow min-cut theorem. All methods rely on recognizing the network capacity
function as a random pseudo-Boolean function of link successes; a fact that allows the expected value of
this function to be easily obtainable from its sum-of-products expression. This network capacity has
certain advantages for representation of nonbinary discrete random functions, mostly employed in the
analysis of flow networks. Five tutorial examples demonstrate the afore-mentioned methods and illustrate
their computational advantages over the exhaustive state enumeration method.

Keywords: Capacitated networks; map method; reduction rule; max-flow min-cut theorem; star-delta
transformation; pseudo-switching function.
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1 Introduction

In classical source-to-terminal reliability analysis, a frequently used assumption is that the network under
study can be modeled by a probabilistic two-state graph, with the network being successful when there exists
at least one path originating from the source node and ending at the terminal node. According to this point of
view, reliability is thus taken as being solely a matter of connectivity, a simplification that does not seem to
reflect, to a reasonable extent, the nature of the problem, or to capture the essence of most real-life networks.

In modern society, we have telecommunication systems, electric power transmission and distribution
systems, oil/gas production systems and transportation systems, all of which are physical systems that play
vital roles. These systems, in fact, might be appropriately modeled as being capacitated-flow networks
having independent edge capacities, that are limited real-valued random variables. Usually, the modelling of
a network of this type is attained by the use of a stochastic graph G = (V, E) with E and V being sets of
nodes (vertices) and branches (edges) of G, where we can distinguish a particular set K € V[1].

A very important special case arises when the set K is an ordered set of just two nodes: a source node
represented by s and a terminal node denoted by t. There are two main parameters that are usually used in
quantifying the network performance. These are (a) Network reliability that basically measures connectivity
in a probabilistic sense as it equates to the probability of definite connections on directed or undirected
general or special graphs, with dependent or independent components (nodes or arcs) existing in G among
the nodes in K (and from s and t in the particular st case) [1-9].

Recently, Ching and Hsu [10] proposed a methodology for estimation of the source-to-terminal reliability as
connectivity in actual networks; with the critical links being ranked. The two extreme situations are those of
(a) the afore-mentioned st case when K contains only two nodes, the source s and the destination t, or (b)
when K contains all nodes of the graph for which (K=V), typically depicted as the overall reliability case
[11].

Generally, the desired level of attention is not being given to the capacity constraints in the different links
and the overall requirements in flow for the network; (b) Network s-t whose capacity is equal to the
maximum flow that is traversable to the terminal node from source node with no violation of branch capacity
and assuming all branches are functioning well [12-18]. Under such a scheme of deterministic modeling,
there is obviously deliberate implicit ignoring of the failure probabilities of both communication links and
nodes.

Aggarwal [19], Trstensky and Bowron [20], Ramirez and Gebre [21], Yeh [22], Patra and Misra [23],
Fusheng [24], El Khadiri and Yeh [25], Kabadurmus and Smith [26] and Cancela, et al. [27] suggested
methods for defining a composite performance index related to any network, that integrates the two afore-
mentioned connectivity and capacity aspects. Moreover, Lin et al. [28,29] presented an algorithm for
evaluation of capacitated flow network in terms of minimal path sets or minimal cut-sets.

In all methods it is always important to bear in mind that connection between the source and the sink nodes
is an important condition for ensuring success in communication network operation. This condition,
however, is not to be taken as a sufficient one. It is also crucial that the s-t capacitated connection success
should not only establish just a mere s-t connection, but it should also ensure the availability of at least the
required s-t capacity.

This paper presents a tutorial exposition of various methods for analyzing capacitated networks. The first
method involves a map procedure resulting into having a simple symbolic expressions of performance
indexes. However, there can only be a manual application of this technique for cases involving small
networks [30-42].
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The second method involves application of network transformations or reduction rules, which are being
implemented in such a way as to ensure the preservation of the network capacity function. For the
application of these rules in series-parallel subnetworks, no appreciable difficulty is encountered. However,
whenever a network is sp-complex (i.e., irreducible to a series-parallel graph since bridging branches are
involved), there is significant difficulty that is to be addressed through more involved technique such as a
function expansion or network decomposition [30,43].

There is also some possibility for easy analysis of a large class of complex networks when these networks
are reduced to equivalent series-parallel ones by using the delta-star transformations. Rushdi [44,45]
presented a set of star-delta and delta-star transformations that are used in flow networks which are given in
terms of the concept of pseudo-Boolean (switching) functions. The concept presents some advantages with
regard to the study of discrete random functions that come up when networks are being analyzed. This is in
addition to where preservation of s-t capacity function for flow network. In a third method, there is
generalization of “Max-Flow Min-Cut Theorem” [12-18] for network states X in addition to the ideal state
(X=1). This is believed to be a very fast technique if we have minimal cut-sets [46], and where possibly
minimal paths [46] have been identified.

The remainder of this paper is structured as follows. Section 2 presents the underlying assumptions for our
model, the notation used as well as some useful nomenclature.

Section 3 reviews the concept of the algebraic decomposition formula which is a pseudo-switching function
that used to obtain the general capacity function for the network.

Section 4 shows how the Karnaugh map is conveniently used to represent a pseudo switching function which
is a very powerful manual tool that provides pictorial insight about the various functional properties and
procedures. Section 5 explains a reduction rule technique for series-parallel connections and provides
examples to illustrate this technique.

In Section 6 and Section 7, clarify the general transformation conditions and demonstrate by an example
delta-star transformation which preserve the source-to-terminal (s-t) capacity function in a flow network.
Moreover, Section 8 extends this work by presenting one of the crucial and old technique in capacitated
network which is “Max-Flow Min-Cut Theorem”. One more example, that is given in this section, shows the
equivalence of the results between this technique and afore-mentioned one. Section 9 concludes the paper.

2 Assumptions, Notation, & Nomenclature

2.1 Assumptions

(1) The physical network considered is modeled as a linear graph consisting of (a) transmission links of
imperfect reliabilities and limited capacities and (b) nodes which are perfectly reliable and have
unconstrained capacities.

(2) Originally, each link in the network has two states, a successful state and an unsuccessful one. Link
successes are statistically independent. This assumption does not extend to ‘equivalent' links to be
introduced in the network, which can be of multistate natures and statistically dependent.

(3) Certain values are assigned to each link(i,j) for its reliability p;; and capacity c;; , where
0 < pjj =1, ¢;; = 0. The link capacity sets an upper bound on link flow in either direction.

(4) Every link in the network is directed. A bidirectional link is replaced by two directed links in
antiparallel whose failures are completely dependent. These two links have equivalent reliabilities.
However, they perhaps have different capacities.
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2.2 Notation

n Number of branches (edges or links) in the logic diagram of the network. The same symbol is used also to
depict the common node of a star.

X;,X; Indicator variables for successful and unsuccessful operation of branch i. These are binary random
variables that take only one of the two discrete real values O and 1; X; = 1 and YL- = 0 if i is functioning,

and X; = 0Oand X; =1 ifi is failed. For a bidirectional branch ij, the anti-parallel successes are the same
Xi j =X S

$,S Indicator variables for successful and unsuccessful operation of the system; called system success and
system failure, respectively. Successful operation can be equivalent to connectivity, or to the satisfaction of a

certain flow requirement [19,46,47].

Py, q; Reliability and unreliability of branch: p; = Pr{X; =1},q; = Pr{X; = 1} =1 —p; . Both p;and q;
are real values in the closed real interval [0.0,1.0].

R,U Network reliability and unreliability; R = Pr{S = 1} = E{S}, U = Pr{§ = 1} =1.0—-R, 00<R,
U<1.0.

¢; Flow capacity of branch; ¢; = 0.
X, p, ¢ n-dimensional vectors of branch successes, reliabilities and capacities:

X=X X . X)ip = (01pz - pn)" 5 € = (162 c)".

T A superscript that implies the transpose of a matrix.
X State k of the network, denoted by a particular value of the n-dimensional vector X, k =
0,12,..,2"—1.

C;j(X) Capacity function of (i, ) which is the maximum flow interconnection from i to j in state X that
does not violate branch capacities, C;;(X) = 0. For an original (i,j) : C;; = ¢;;X;;. Since X is a switching
random vector, C;;(X) is a discrete random variable of a probability mass function (pmf) of no more than 2"
distinct values.

C Z Terminal- pair capacity function from node i to node j; C, 5 =>0.

Cijmax Maximum Capacity function of the (i, ) edge; in the ideal case when all branches are functioning,
Cijmax = Cij .

Dy; Capacity of interconnection from node i to node j in a delta; D;; = 0. For an original(i, ;) : D;; =
Sij Capacity of interconnection from node i to node j in a star; S;; = 0. For an original (i,j) : S;; =

sinij .

(i,j) A directed branch or edge from node i to node j.If two or more such branches exist, they are
distinguished by superscripts.

s, t Source, terminal node
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C;j(X|1)),C;;(X|0,) The function C;;(X) when X, is set to 1 or 0. Meanings of C;;(X|1;,1,,), etc. follow
similarity.

2.3 Nomenclature

A Boolean (Switching) function S(X): A mapping {0,1}" — {0,1}, i.e., S(X) is any one particular
assignment of the two functional values (0 or 1) for all possible 2™ values of X [32-34,48-50].

Pseudo- Boolean (Switching) function C(X): A mapping {0,1}" — R where R is the field of real
numbers, i.e. C(X) is an assignment of a real number for each of the possible 2™ values of X [51-53].

Multiaffine function of n variables R(py,p; ..., Pn): An algebraic function which is a first-degree
polynomial in each of its variables, i.e. if fixed values are given to any (n — 1) variables, the function
reduces to a first-degree polynomial in the remaining variable. Examples of multi-affine functions involve:

1. Definite algebraic functions such as

(a) System reliability/unreliability as a function of component reliability/unreliability [54,55].
(b) System availability/unavailability [55-57].

2. Pseudo-Boolean (switching) functions [51-53] such as source-to-terminal capacity or the squared
capacity as a function of link successes.

3 Capacity and Its Mean

The function C;;(X) as an expression of the source-to-terminal capacity function of element successes is a
real valued function of binary arguments. Therefore, the function C;;(X) conforms to the rules of the
algebraic decomposition relation of a pseudo-Boolean (switching) function.

C;(X) = X C;;(X10) + X,C;;(X[1)
= (1-X)C;(X]0) + X, C;;(X[1))
= C;(X10) + [ ¢;(XI1) — C;;(XI0D)X,, 1=12,..,n 6))

Equation (1) can be validated through proof by induction of all cases or values of X, viz., {X|0,;} and {X|1,}.
This decomposition relation of C;;(X) can be used to deduce many properties of it as a pseudo-switching
function, including, in particular, its being a multi-affine function, and the fact that it can be expressed as a
sum-of-products form, where the term ‘sum’ here refers to its genuine meaning of real addition. Moreover,
C;j(X) can be viewed as an assignment of a real number for each of the possible 2™ values of X.
Subsequently, C;;(X) can be accurately represented in the context of a Karnaugh map or a truth table of the
usual Boolean combinations of the input domain, but of entries that are real elements rather than binary
values. The mean (expected) value of the random function Cj; (X), when written in sum-of-products form,
equates to;

E{C;;(X) } = E{C;j}(D),

and can be directly obtained (on a one-to-one basis) from C;;(X)(s-o-p) by introducing the component means
pi = E{X;} and q, = E{X,}, in place of the corresponding Boolean arguments X;, and X, , namely,

) x.X.} o {pra} R
Cj(X)(s-0p) ¢ > E{C;}(p)(s-0-p) @)
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Another subtle replacement that is implicit in (2) pertains to substituting arithmetic multiplication in the
R.H.S. for the logical multiplication in the L.H.S., a substitution that is not apparent since both operations
are represented by juxta-positioning. Equation (2) is an immediate result of the condition that the mean of a
sum is the sum of means and that the X]s are statistically independent. It is important to note that the
capacity C;;(X) and its square C/;(X) are both pseudo-switching functions. Thus, to readily convert C7(X)

2

into its mean, C;;(X) can be represented in s-o-p form, namely

{Xlryl} < {py, a1}
CH(X)(s-0-p)  <— > E{CH}®)(s-0p)

J

3)

Equations (2) and (3) show that computing the mean E {Cl- j} and the variance of the capacity

VAR{C;;} = E{C?} — (E{C;})” can be achieved by ensuring that both the capacity itself and its square are
expressed in s-o-p form.

4 A Map Procedure

A modified Karnaugh map can be used to specify the pseudo-switching (-Boolean) function C;;(X) [30-42].
This Karnaugh map serves as a powerful manual tool that provides pictorial insight about the various
functional properties, concepts and procedures. The Karnaugh map comprises of n input variables X acting
as the map variables and real numbers C;; (X)), denoting the map entries, which represent the flow capacity
of the network for states X;. These real numbers can be any numerical values other than 1’s and 0’s. The
methods demonstrated in sections 7 and 8 can be used to derive these numbers individually or collectively.

To express C;;(X) in its minimal sum-of-products form, it is required that entries other than zero are covered
by the least number of loops on the map. The individual loop used ought to be the largest combining factor
of 2t {i = 0,1,2,...,n} adjacent cells of the map that contains a certain minimum value (so far not
covered). For such a loop, the contribution to the sum-of-products form for the pseudo switching function
C;j(X) corresponds to the typical loop term multiplied by the value covered by the loop.

In a scenario where the selection of a larger loop is needed, entries in a cell can be divided, creating multiple
values that can cover more than a few loops. Such a division is viable for entries whose values are integers
that represent networks of small size. When a portion of loop entry is covered, the entry is substituted by its
uncovered portion. More precisely, an entry is substituted by zero if it is covered totally. This process ends
when all entries are exhausted, i.e., when replacement by zero for all entries is completed.

The process outlined above results in an expression of capacity that is less complex than that obtained by the
direct state enumeration method [19]. The advantage of the map procedure is that it is efficient in cases
where entries in the map comprise integral values belonging to a small set. This happens, for instance, when
branch capacities include a few integer values only. The map does, however, suffer limitations in that it is
capable of dealing with only small networks (usually not more than six branches). This can be remedied by
extending it using variable-entered Karnaugh maps (VEKMs). That way, the map procedure can manage
sizeable networks [36,38,54,58-65].

Example 1

This example applies the map procedure to the network shown in Fig. 1, whose branch capacities are:
c=[67410534]
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“

C

Fig. 1. A 7-branch bridge network of a capacity vector c=[6 7 4 10 5 3 4]

X3

Cs:(X|13,05) =4 X, (Xz + XX (X6 + f4)((.)) =+

Cst (X103, 05) = 3XeX1 X1 + 4X7X, =
3 X Xe(Xy + X1 X,(1 + X7))

Cs(X103,15) = 3X6 (X2 + XaXoXa(1+ X)) | Coe(X115,15) = 3Ke(Xy + 3K, XuXoXy + KuXy) +

Xs e L obgs e ) 4X,(X; + X6 X2X1) + X7 XoX 4 X2 X,

Cse(X)

Fig. 2. A variable-entered Karnaugh map for the pseudo-Boolean function C,(X) with map variables
Xzand X5 corresponding to the two bridging elements in the network of Fig. 1

X3

Xe
0 0 4 0 3 2 3 3 3 6 7 3 3 7 0 0
0 0 4 0 0 4 0 0 0 4 4 0 0 4 0 0
X4
0 0 4 0 0 4 4 0 0 4 4 0 0 4 0 0
0 0 7 &} 3 7 6 3 3 6 7 3 3 7 0 0
X5 xe

Xy
Cse(X)

Fig. 3. Karnaugh map representation of the capacity pseudo-Boolean function C;(X)



Rushdi and Alsalami; JAMCS, 35(6): 1-23, 2020; Article no.JAMCS.59534

Fig. 2 shows A variable-entered Karnaugh map for the pseudo-Boolean function Cg;(X) with map variables
X3 and X5 corresponding to the two bridging elements in the network of Fig. 1. In addition, Fig. 3 shows the
Karnaugh map representation of the capacity pseudo-Boolean function Cg;(X).

The map has 27 = 128 cells such that each one of them depicts a definite state of the flow network. The
Karnaugh map entries are the real numbers, which correspond to the integer values of the capacity pseudo-

switching function Cg; (X) for states X.

X T XX XXX,  K1XXaXsXeXy

o X, XXX
X XXXy X1 X3 Xy X5 X _ _
‘ X3 - KXo XX XeXs
x] ‘I XZ ‘
\ —~ — - /i XX XX XXXy
4 | —4 —
T f ™~ LA b &% S5 A
4 4 \ \C 4 4L
4 4 k 313 flalA 4 9
................... o 0 R
EX| I R ) @' ENEIE] W E
4 4 4 4
4
— - 4 4 4 Xy
XX X XX XXy @ 4
XX, Ko X XsXe X, 4 4 (3 ONE 2 i X,T, Ko X X X X
0] EEEETEE CEERTYT  EE DT -t S et i S B BEEEEY T | T 1424374450647
X, 3 3| aff3Esarey o ia 3013 | UIYULE x
Xzys){sxo 4 ——5\"" _______ 4 N @ a A ?1X2X3X5X6
BN S ) EE VAN Y 2 ) W _,
4l p 4 ] A 4 4
‘ \Y ]
X, | X, \ X5 | X;
7 - = [ X . = W XXX,
X2 X3XsX7 D.69.69.€7.69.0%. 0% XX XuXs X1 X, X3X5XeX7 eREERT

X1 XXX XsXsXo

Cse(X)
Fig. 4. A 2- Stage Map Procedure to cover the s-t capacity function C,,(X)for nonzero entries

Fig. 4 demonstrates a 2-stage map procedure to cover entries other than zero in the map representing the
pseudo-switching function C,.(X). In stage 1, this procedure covers every cell in the map that possesses an
entry that is at least 4, i.e., an entry that is either 4 or 7. Therefore, the remaining entry in each of these cells
will be either O or 3, respectively. Therefore, the task in stage 2 is to cover the map entry 3, which is the only
remaining non-zero map entry. The minimal sum-of-product equation for the pseudo-switching function
C,:(X) and the corresponding one for its mean are

Coe(X) =

X;Xs[3 XeXoXy + 4 X, X, 14 XaXs [3 X (Xp + XXXy (14 X)) + 4 X, (X, + X, X, X, X) ] +

X X5 [4X 7 (X2 + X, X, (Ko + XaXo)) + 3 XaXo (Xz + XX, (14 X, )] + XoXs [3 X6(Xy + )
3 X, X Xo Xy + X1Xo) +4 X, (Xy + XeXoX1) + X XeX4Xo X1 ]

E{C..}(p) = q295[3 pepups + 4 po0al + qaps[3 ps(p2 + p1gaps (1+p7) ) + 4 p;(ps + P1g2paqs)] +
pa%[ 4 p; (pz + p14,(q6 + ‘-hprs)) + 3 PaPe (pz +p1q.(1 + p?))] + paps[ 3 pe(py + 3 Prpagepy +
q1P2) + 4 P7 (P2 + 5q2P1) + P7P6q42P4] 5)
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The conversion from the pseudo-Boolean function Cg,(X) to the Boolean function of success Sg;(X) can be
done by removing all real numbers other than unity and substituting the mathematical operators{+,e} by
their logic representations, viz.,

See(X) = XaXs X XuXoV X, X5 1V XaXs [Xs (X,V XXX, (1V X)) VK, (XoVX XX, X) ]

VXX [ X7 (X,V X, X5 (ReV X4Xe) ) V Xy Xo(XoVE X5 (1VX;))]

V X5 Xs [ X6 (X1 VX, X, X, X1V X1 X VX, (XoV X6 X2 X1 )V X5 XX 4 XX, | (6)
The final sum-of-product equation for the capacity squared C4(X) can be successfully obtained either by

squaring expression (4) or by using the map technique in which all the map cell entries are squared for those
of the Karnaugh map in Fig. 3. The equation for the pseudo-switching function C2(X) and its mean are

CA(X) = X3Xs[9 XeXoXy + 16 X,X, 1+ XoX5 [9 Xg (X, + XXX, (1 + X)) + 16 X, (X, +

X XoXX6) 1+ XXy [16 X, (X; + X, X, (Ko + XaXs)) + 9 XaXs (X, + X, X (1 + X,))] +

X3Xs [9Xe(X1 + 9 X, XoXo Xy + X1X5) + 16 X,(Xo + XoXoX1) + X7 XoX 4 X, X1 ] ™)
E{C2}(P) = g3a519 pepaps + 16 prp2] + qaps[ 9 pe (2 + P1@2ps (1 + 7)) + 16 p7 (P2 + P1g2page)] +

P3qs[ 16 p; (P2 +P102(q6 + 0406)) + 9 Papa(pP2 + 2102 (1 + p))] + Paps[ 906 (p1 + 9 Prpaqps +
q:1P2) + 16 p; (P, + q6q2P1) + P7P6q49:2P:] ®)

5 Reduction Rules

The analysis of simple networks can be done by merging branches in series and/or in parallel using both
capacity and connectivity measures. If we let | denote a single branch of capacity Cilj (X}), then for n series
branches, the capacity function is the minimum branch capacity, namely:

C(X) = min { c (X,)} 9

Dually, for n parallel branches, the capacity function is the sum of branch capacities, namely:
C,(X) = z ¢y (10)

The minimum and summation operators in (9) and (10) are considered over all possible values of [.The
combination of parallel branches is less complex in comparison to the combination of series branches in
cases where the individual branches are defined only by capacity functions depicting multivalued discrete
random variables. A case like that is common, e.g., when branches are obtained as a result of preceding
parallel-series reductions. Nonetheless, an individual branch capacity function is initially assumed to be a
binary random variable, and hence it can be expressed as a product of the algebraic value ¢; and the
switching variable X; of its successes, i.e.,

1
Cl-(j)(Xz) =aX ab
Reduction rules for series and parallel connections reduces respectively in the latter case to
Cij(X) = (min ¢) AL, X, (12)

Cij(X) =YX (13)
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Expression (12) shows that the ordered pair of a capacity ¢; , and a success X; describing each series
connection of branches can be substituted by a single equivalent branch characterized by a binary capacity
function denoted by capacity (minc;) and success (Aj=; X;). The above observation does not hold for
expression (13), for which there are parallel connections, because the capacity function becomes non-
binary. Assessment of the min function is a bit more complicated in (9) than in (12) because relation (9)
only requires comparison of numerals while relation (12) requires the comparison of pseudo-Boolean (-
switching) functions. However, Eq. (9) can be streamlined through the algebraic decomposition formula (1).

Example 2

The source-to-terminal capacity function for the 7-branch bridge network in Fig. 1 can be obtained by using
the algebraic decomposition rule (1). This rule is a divide-and-conquer technique that serves as a function-
capacity-preserving network transformation that replaces the computation of a certain capacity function by
the computation of several simpler capacity sub-functions.

The following expression which is a special case of the decomposition formula (1) is readily obtained by
decomposing the s-t capacity function Cg(X) with respect to the indicator variables X; and X5 which
represent the bridging components in the capacitated network of Fig. 1.

Cst(X) = X3X5 Cst(X03,05) + X3X5 Ce (X103, 15) + X3X5Cs (X135, 05) (14)
+X3X5Cse (X]15,15)

In Eq. (14), sub-function Cg(X|05,05) is the s-t capacity function of the subnetwork derived from the
original flow network by opening the keystone branch 3 and 5. This subnetwork is representing a simple
series-parallel system; thus, its capacity function is expressed through (12) and (13) as:

Cee(X105,05) = min (4,7) X, X, + min (6,10,3) X, X, Xs = 4X,X, + 3X, X, X,

a X, b Fp

X4

Fy
Case (1): Infinite flow F; allowed through Case (2): Infinite flow F, allowed through
the originally perfect node ¢ the originally perfect node b

Fy

y Xs y & X, b

C

/ Q
s t
s t
F3

Case (3): Flow F; is through the imperfect Case (4): Flow F, is through the imperfect
artificial node bc which inherits the artificial node bc which inherits the

capacity cs of branch X; , hence F; < c5 capacity cs of branch Xs , hence F; < c5

Fig. 5. Pertaining to the possible failure of a subnetwork with a shorted branch to adequately
represent a supposedly corresponding subnetwork C,.(X|05,15)

10
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On the contrary, the other sub-functions in Eq. (14) are not representing simple series-parallel systems,
though they might look like series-parallel networks at first sight. In fact, these sub-functions cannot
generally be derived from the corresponding subnetworks obtained by opening an unsuccessful branch and
shorting a successful one (Although these subnetworks might happen to give the correct results in the present
particular case). Fig. 5 Shows four cases for the flow through perfect and imperfect nodes in the subnetwork
which supposedly represents the sub-function C,;(X|05,15). Fig. 5 also illustrates the existence or non-
existence of a certain limitation on the anticipated flow in each case. The reason for the afore-mentioned
discrepancy is that we initially assumed nodes to be perfect, so that they are of infinite capacity and might
sustain unlimited flow. Whenever, a subnetwork is created by shorting a successful branch, the two nodes at
the ends of this branch are merged into a new type of node that ceases to be perfect, since it inherits the
capacity of the shorted branch.

Example 3

The reduction rules for the series and parallel connections are now applied to the network of Fig. 6 which is
analogous to the network in [66]. So, the network in this example can be reduced to the equivalent network
in Fig. 1 via the reduction in which no further series-parallel reduction is possible.

The network has branch capacities:
Cla=5,6p=2,¢6c=%,¢64a=7,6=3,05=9,04=2,Cp=3,¢3c= 4,030=5,¢3,=8,
Cag = 6,C4p = 4,05 =10,c5, = 3,660 =3,Cp =4, Cc=2,C6d=5,670=7,Cp=2,¢;. =3,

c;q =10, ¢y, = 6.

C15(X)

Fig. 6. This network allows further series-parallel reduction

Several capacity functions are representing a simple series-parallel system. These functions can be obtained
directly through (12) and (13), e.g., C1,(X), C1;(X) and CI,(X). However, other capacity functions are
obtained via the additional use of the algebraic decomposition formula (1). These are shown by the
following self- explanatory steps:

CL(X) = X, = min{Cy4 X1 + Cip X1p, Cic X1c + Cra X1a, Cre X1e + Cuyp Xif}
=min{5X,, +2 X1, 4 Xsc + 7 X1a,3 X1 + 9 X1/}

11
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Decomposing the capacity function CJ5(X) with respect to the indicator variables X;,, X;,. The following
special case of (1) is obtained:

CT(X) = X14X1p CH(X1014,01p) + X10X1p Clo (X014, 14p) + X10X1p €1 (X114 ,045)
+X14X1p €T (X1114, 14p)

Csz(X|01a:O1b) =0
€T (X101, 11p) = min{2 ,4 X, + 7 X143 X1e + 9 X5} =2 Koo + X1a) (Xpe + Xof)

CH(XI114,05) = min{5 ,4 X, + 7 X14,3 X1 + 9 Xy}
=3 (Xic + X1a)(Xpe + le) +2(Xyq le) + Xic X1a Xif

€l (X111, 11p) = min{7 ,4 X, + 7 X14,3 X1e + 9 Xy}
=3 (Xic + Xig) (Xue + Xap) +4 Xig Xofp + Xoc Xag Xif

CLX) =X, = Xi1Xup (2 X1c + X14) (Xle + le)) + Xlaylb(3 (Xic+ de)(Xle + le) +
2 (Xog Xif) + Xie Xig Xif) + X1aX1p (3 (Xio + X10) (Xpo + Xif) + 4 Xog Xif + Xy X1g Xop)  (150)

C1T4(X) =X, = min{ C34 Xo0,Cap Xop + Coc Xoc }

= min{2 X503 X + 4 Xoe} = 2 Xpq( Koy + Ko (155)
CI,(X) = X3 = C34 X34 + Csp X3 = 5 X34 + 8 X3, (15¢)
CL(X) = X, = min(Cyq, Cap) Xag Xap = min (6,4) Xy Xap = 4 X4q Xap (15d)
C34(X) = X5 = min( Csq , Csp) Xsq Xsp = min(10,3) X5q X5 = 3 X54 Xsp (15e)
C3s(X) = Xg = min { Csq Xsq + Cop Xep » Coc Xoc + Coq Xsa) (15f)

=min { 3Xe, + 4 Xep,2 Xec + 5 Xea}

Cis(X) = X; = min{ Cyq X7 + C7py X7, Cr¢ X7¢ + Crq X7 + Cre X7}

min{ 7 X, + 2 X7 ,3 Xyc + 10 Xpq + 6 X}

7 X7aX7a + 2 X7y (Xr0 + X;X7a + X7aX7cX7aX7e) + 6 X70X7aX7e + 3 X70X7pX;X7aX7e + (159)
X7aXscX7a(XspX7e + X7e)

6 General Transformation Conditions

According to the “Max-Flow Min-Cut Theorem” [12-18], the function representing the source to the
terminal capacity of a network is denoted as;

C4(X) = min Z(l,k)eMi Cue Xk (16)

where M; is the set of links representing the minimal source to terminal cut-set number i for the system.
Hence, there are two crucial conditions for the preserving star-delta transformation in a capacitated network:

(a) There is preservation of all terminal capacity functions.
(b) There is no increment of 1-vertex cutset capacity functions [46].

12
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Delta-star and star-delta transformations are portrayed in Fig. 7, which demonstrates both a star and a delta,
with bidirectional branches [44,45]. The preservation of CI.(X) in the transformations according to the
aforementioned conditions might be reduced to the following conditions;

(a) These capacity functions CT, , 1, , €L, ¢TI, €I, and CT, will be preserved, viz.,
Clg in delta =C5 in star. a7
Or

. . (18)
Dij + min (Dilekj) = mln(Sl-n ,Snj)

Fig. 7. (a) The delta and (b) the star, used in star-delta and delta-star transformations. The 1-vertex
cut-set of node 1 is shown dotted in (a) and (b)

(b) For a delta-star transformation
Sni S Dji + Dy Sin < Djj + Dy, (19)
and for a star-delta transformation
Dji; + Dy < min (Spi, Sim + Sien) (20)

Djj + Dy < min (Sin, Suj + Snic) €2y
7 Delta-Star Transformation

A delta-star transformation [44,45] presents a situation where the six D functions of the delta are known.
Consequently, the six S functions of the star have to be derived via eqn. (18) subject to eqn. (19) and the
non-negativity constraints S = 0 . The required solutions for the six S functions are [44]

Sni = Dji + Dy Sin = Dyj + Dy, (22)
The preservation of the node cut-set capacity functions asserts that the terminal pair capacity functions in a
delta-star transformation are preserved (i.e., eqn. (22) implies eqn. (18) in that case), and therefore (22) gives

a solution that is accurate.

Given that delta branches are original, (i.e., if D;; = d;;X;;), then its equivalent star is denoted by

Sni = dji Xij + dpg Xii Sin = dij Xij + dige Xy (23)

13
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Equation (23) Suggests that both S, and S,,; are pseudo-switching functions of the two indicator variables
X, ij and X, Ki-

Example 4

The network is shown in Fig. 8 has branch capacities ¢, = 6,C14 = 7,04 = Cap = 4,093 = C35 =
10,c34 = €43 = 5,c35 = 3 and c,5 = 4 . In addition to the indicator variables X;, = X;, Xj4 = X5, X54 =
Koo = X3,X03 = X3p = Xy, X3y = X4z = X5, X35 = Xo, Xys = X7

We will apply in this network two steps of delta-star transformations. The first step is the transformation of
the 2-3-4 delta to a star, which results in the equivalent star network shown in Fig. 9.

Fig. 9. A graph, equivalent to that of Fig. 8, resulting from transformation of 2-3-4 delta to star

Then, we apply a second delta-star transformation of the 4-5-6 delta in Fig. 10 after getting C{; and CZs
which results in the equivalent series-parallel network in Fig. 11.

Fig. 10. Equivalent graph of Fig. 9, after getting C1, and C 25

14
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Fig. 11. A graph, equivalent to that of Fig. 10, resulting from the transformation of the 4-5-6 delta to a
star

The s-t capacity function CJ5(X) is obtained via eqn. (1) and eqn. (23), and the series-parallel reduction
rules, as shown by the following self-explanatory steps:

526 = 562 = 10X4 + 4‘X3
536 = 563 = 10X4 + 5X5
54-6 = 564— = 5X5 + 4X3

CT, = min(6X;,10X, + 4X;)
= 4X,X; X, + 6X,X,

Cgs = mln(3X6 ) 10X4 + 5X5)
= 3X,X¢ + 3XsX, X,

Sy5 = Cls + 4X, = 3X,Xs + 3Xs X, X, + 4X,
Se7 = S76 = Cls + Sag = 3X, Xy + 3Xs X, X + 5X5 + 4X;

547 = 574 = 4X7 + 54-6 = 4‘X7 + 5X5 + 4‘X3

Cf; = min(Cly, Se7)
min( 4X,X;X; + 6X,X; ,3X4Xe + 3XsX4 X + 5X5 + 4X;3)
= 6X X1 X3X, + 4X X1 X3 X,y + 2Xs XX, X3 X, + 3X X, X3 X, + 3X XX, X3 X,
+5Xs X X, X3 X, + 4X X, Xo X, + 4X X1 X3 X,

€3, = min(7X, ,S,,) = min(7X, , 4X, + 5Xs + 4X;)
= 7Xs X, X, + 4Xs X, X, + 3X3Xs X, X, + 5Xs X, X, + 2X3 X5 X, X, + 4X3 XXX,

C1T7 = C127 + C137
= 6X X1 X3X, + 4X X1 X3 X, + 2Xs X X1 X3 X,y + 3X X, X3 X, + 3Xs XX, X3 X,

+5Xs X X1 X3 Xy + 4X X1 Xo Xy + AX X1 X3 X, + TXs X, X, + 4X X, X, + 3X3 XX, X,
+5X X, X, + 2X3 XX, X, + 4X3X X, X,

C{s = min (C{; , S75)
= min( 6XX; X3X, + 4X X, X3X, + 2Xs X X1 X3 X, + 3Xs X, X3 X, + 3Xs X X, X3 X,
+5Xs X X, X3X, + 4Xe X, X3 X, + 4X X X3 X, + TXs X, X, + 4Xs X, X, + 3X3 XX, X,
+5Xs X, X, + 2X3 X X, X, + 4X3Xs X, X, , 3X, X + 3Xs X, X + 4X,)
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The decomposition relation (1) is used to obtain the general capacity function C7; for the bridge network
(X3, Xs). So, Decomposing the capacity function CJ5 with respect to the indicator variables X5 ,and X; that
represent the bridging elements in the network of Fig. 8, we obtain the following special case of (1) (which
replicates (14) and repeated for convenience)

CL(X) = X3X5 CI5(X]05,05) + X3Xs CI(X]05,15) + X3Xs Cl(X|15,05)
+X3Xs Cls (X115, 15)

CT.(X]05,05) = min (3X X, X, + 4X, X, , 3X X, + 4X7)
= X, min(3X,X; + 4X,X, ,3X, + 4X,) + X,min (4X,X, ,4X,)

= X,{X, min( 3Xs + 4X,X,, 3Xs + 4X,) + X,;min ( 4X,X,,3X, + 4X,)}
+X,{X; min(4X,X,,4X,) + X, min(4X,X,, 4X,)}

= Xo{X1[ Xe min(3 + 4X, X, , 3 + 4X,) + X min(4X,X, , 4X,)]
+X, [Xe min(4X,X, , 3 + 4X,) + X min(4X,X, ,4X,)]}
+X,{X,[Xs min(4X,X, , 4X,) X, min(4X,X, ,4X,)]
+ X, [Xs min(4X, X, , 4X,) + X, min(4X,X, , 4X,)]}

= x,{x,{x,[x, min(3 + 4X, ,3 + 4X;) + X, min(3,3 + 4X,) | + X, [X, min(4X,,4x,)]} +
X, {x,[x; min(4x,,3 + 4X,)] + X[X, min(4X, ,4%,)1} }

+ Xy { %, (s [X, min( 4%, 4%,)] 4%, [X, min(4X;, 4%,)]} +
Xo{Xs[x, min (4%, , 4X,)] + X [X, min(4X,, 4}{?)]}}

= X, { X1{X6[Xz(3 +4X;) + Y2(3)] + Y6[)(2(4)(7)]} + Y1{)(6[)(2(4)(7)] + Y6[)(2(4)(7)]}}
+ Yz} {XI{X6[X2(4X7)] + Y6[X2(4'X7)]} + Y1{X6 [X,(4X,)] + Y6[X2(4'X7) ]}}

= 3X X, X, + 4X,X,

Cls(X113,15) = 3Xe(Xy + 3X, X, X, X1 + X1X;) + 4X,(Xo + Xo X2X1) + X, XX, X, Xy
CTo(X105, 15) = 3K, (X, + X Xo Xy (14 X;)) + 4%, (X, + X, X, X, Xo)

Cli(X|13,05) = 4X, (X, + X1 X5 (X6 + X4X5)) + 3XuXe (X + X1 X, (1 + X))

CTo(X) = XaXs[3XeXuXy + 4X, X, |+ XoXs [3Xs (X, + XXXy (14 X,)) + 4%, (X,
+X, X, X,X6) |+ X:Xs [ 4%, ( Xz + XX, (X + XoXo) ) + 3X,X,(X, (24)

+X,1X,(1+ X,))] + X5 Xs [ 3X6(Xy + 3X, X, X, X1 + X1 X,) + 4X,(Xy + XX X1) + X, Xo X, X, X, ]

Expression (24) for Cf5(X) is equivalent to equation (4) and equation (33) in the generalized cutset
procedure.
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8 A Generalized Cutset Procedure

Calculating the maximum flow is one of the most critical problems in a capacitated network. The complex
part in this calculation is to ensure that the branch capacity is not violated when determining the maximum
number of flow units from the source node to the terminal node. An inherent postulation in that issue is that
not a single network branch is failed, i.e., X = 1 represents the network state, and C,; (1) represents the
maximum flow. The maximum flow algorithm of Ford & Fulkerson can thus be introduced to compute the
maximum flow problem. The upshot of the application is the celebrated "Max-Flow Min-Cut Theorem,"
This approach can be put in a general form that accounts for all network states as follows

Coe(X) = min{ Tjen, X1}, (25)
where M; is the set of links representing the minimal source to terminal cut-set number i for the system [46].

Equation (25) includes as special cases the series-parallel reduction rules, which were shown in the previous
section.

To apply (25) in the calculation of Cy;(X), we note that C,(X) = 0 for all cases where the state X is an s-t
cutset. This holds if a connection between s and t does not exist. On the other hand, C;(X) # 0 whenever

state X denotes a path between s and t. Thus, we let {P;} denote a (preferably minimal) set of s-t paths that
are exhaustive and disjoint [30], i.e., if

See= Vi, P, (26)
PiAP,=0,forallj+k, 27)

where S, is the indicator variable for successful operation of the flow network which can be equivalent to
connectivity [46,47,52,54,55], then Cg:(X) is:

Coe(X) = )7, P Coe(X P = 1), (28)

Repeated application of the algebraic decomposition formula (1) can be used to prove equation (28).
Through substituting {X | P; = 1} for X in (25), the sub-function Cy;(X |P; = 1) in (28) can be derived.

Example 5

The problem of Examples 2 and 4 is now revisited by applying the “Max-Flow Min-Cut Theorem”. The
capacitated network of Fig. 1 has 6 minimal cut-sets, whose capacities are given by

C, = {(6X, +7X,}, €, =1{3Xs+4X,}, C; = {10X, + 4X; + 7X,},C, = {10X, + 5X5 + 4X,},
C5 = {6X1 + 4‘X3 + 5X5 + 4X7} and CG = {7X2 + 4X3 + 5X5 + 3X6}

Thus, expression (25) takes the form:

Co:(X) = min (1 Xy + X5, €6Xo + €7 X7, CaXy + 3X5 + Xy, Xy + csXs + 7 X5, 01Xy + c3X5 +
csXs + 7 X7, Xy + 03X3 + 5 X5 + X )

= min( 6X, + 7X,, 3Xs + 4X,,10X, + 4X5 + 7X, , 10X, + 5Xs + 4X, ,6X, + 4X5 + 5X5 +
4X,, 7X, + 4Xs + 5X5 + 3X,) 29

Expression (29) can be streamlined through the algebraic decomposition rule (1). We now employ (14) for

decomposing the capacity function C,.(X) with respect to the indicator variables (X3, Xs) that represent the
bridge elements in the network of Fig. 1. The sub-functions in (14) are obtained via (29) as:
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Co(X|15,15) = min (6X; + 7X,, 3Xe + 4X,, 10X, + 4 + 7X,, 10X, + 5 + 4X,,6X; + 9+ 4X, ,
7X, +9 +3X,)

=X, min(6+7X,,3Xe+4X,,10X, +4+7X,,10X, +5+4X,,15+4X,,7 X, +

9+3X,) + X,min(7X,,3Xs+4X,,10X, +4+7X,,10X, +5+4X,,9 +
4X,,7X,+9+3X,)

=X, {X,min(13,3Xs+4X,,10X, +11,10X, + 5+ 4 X,, 15+ 4 X, 16 + 3 X,) +

X,min(6,3Xs +4X,10X, +4,10X, +5+4X,,15+4X,,9+3 X,)} +

X, {X,min(7,3Xs +4X,10X, +11,10X, +5+4X,,9+ 4 X,,16 + 3 X¢)}

X, { X, {X,min(13,3Xs +4X,,21,15+4X,,15+4X,,16 +3 Xs) +

X,min(13,3Xs+4X,,11,5+4X,,15+4X,,16 + 3 X} +
X, {X,min(6,3Xs+4X,,14 ,15+4X,,15+4X,,9+3Xs) +
X,min(6,3Xs+4X,,4,5+4X,,15+4X,,94+3X;)}} +
X, {Xz{X4min(7,3X6+4X7,21,15+4X7,9+4X7,16+3X6)+

Y4min(7,3x6+4X7,11,5+4X7,9+4x7,16+3x6)}}
=X {X, {Xa[Xe (34+4X,)+ X (4X) |+ Xy [ X6 (3+4X,) + Xe(4X)] }+

X (X [X6(343X,) + Xe(4X7)] + Xo [Xs (3+X,) + Xe(4X,)]} }
+ X { X { X [Xe(3+4X,)+ Xe(4X) |+ Xo[ Xo (34 4X,)+ Xo (4X)]}}

= 3Xs(Xy + X, X, X X1 + X1 X;) + 4%, (Xy + Xg XoX1) + X, Xo X4 X, Xy (30a)
Cor(X103, 15) = 3Xe (X, + X, Xo Xy (14 X7) ) + 4%, (X, + X, X,X,Xo) (30b)
Cst(X|15,05) = 4X; (X + X, X, (X + XoXe)) + 3X4Xe (X + X, X5 (1 + X)) (300)
Cst(X103,05) = 3Xe X, X, + 4X,X, (30d)

These sub-functions can be substituted into (14) to get the equivalent form (4). They can also be used to fill
in the map entries in Fig. 2 and Fig. 3.

On the other hand, (29) can be successfully simplified by using eq. (28). A set of exhaustive and disjoint s-t
paths for the network is:

Py =XX;, P, = X2X3X4Y5X6Y7 , Py = X2X5X6Y7 , Py = X1X2Y3X4Y5X6Y7 ’
Ps = X1YZY3X4X6 , P = X1Y2Y3X4X5Y6X7 , P = X1Y2X3X5X6Y7 >
Pg = X1Y2X3X7 , P =Xy Y2X3X4Y5X6Y7

Therefore, the sub-functions in (28) are obtained via (29) as
Cse (X|PL=1)=C(C (X1]13,17)

=min (6X; +7, 3Xe +4,10X, + 4Xs + 7 , 10X, + 5Xs + 4,6X, + 4X; + 5Xs + 4 ,
7+ 4X; + 5X5 + 3X,)

_ _ (31a)
= 4+3X, (X5+X4X5 (1+X1X3))

Coe(X |P, = 1)= Cot(X [13,13,14,05,16,0,)
=min(6X,+7,3,21,10,6X, +4,14 )= 3 (31b)
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Cst(X|P3=1)=Cst(X|12:15:16:07)
=min(6X,+7,3, 10X,+4X5+7,10X,+5,6X,+4X; + 5,7+4X3+8)=3 (31¢)

Cse (X|Py=1)=Cs(X[1,,1;,03,14,05,15,0;,) = 3 (31d)
Co(X|Ps=1)=Ce(X|1,,0,,05,1,,1) = 3+3X:X, (31e)
Coo(X|Ps=1)=Cs(X]1,,0,051,,15,051,) = 4 (31f)
Ca(X|P,=1)=Cy(X]14,0,15,15,14,0,) = 3 (319)

Cst(X|Ps=1)=Cst(X|11:02:13:17)
=min (6, 3X¢ +4,10X, +4, 10X, + 5Xs + 4,14+ 5X;, 4+ 5X5 + 3X,) (31h)
= 4+2X4X6

CSt(X | Pg = 1) = CSt(X | 11,02, 13, 14, 05, 16'07) = 3 (311)

These sub-functions, can together with the condition C,; (X |Ss; = 0) = 0, be used to fill in the map entries
in Fig. 2 and Fig. 3. Moreover, they can be substituted into (28) to get the expression:

Coe(X) = X, X, (4 +3X, (X5 +X, X5 (14X, X, )) ) +3 X, Xa X, Xs X Xy + 3 X XX X7 +
3X. X, X3 X, Xs XXy + X X, X3 X, X (3 +3 XX, ) + 4 X, X, X3 X, Xs XXy + 3 X, X, X3 X X X, +
Xo X, XX, (4 + 2 XuXg) + 3 X1 X, X5 X, X X X (32)

Expression (32) can be shown to be an equivalent to expression (4) obtained by the map procedure and
expression (24) obtained by the delta-star transformation procedure.

9 Conclusions

This paper presents several kinds of methods for analyzing a capacitated flow network such as
telecommunication networks, power transmission systems or oil or water pipeline systems. These methods
include Karnaugh maps, network reduction rules associated with delta-star transformations that preserve the
source to terminal capacity function, and a generalization of the min-max cut theorem. The network capacity
is a pseudo-Boolean function of the link successes; thus, its mean value is easily obtainable from its sum-of-
products expression. To demonstrate the presented methods applicability, five demonstrative inter-related
examples are given with sufficiently explanatory details.
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