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Abstract

In the present work, the equations of motion of the solar sail are derived in the restricted three—body
system. The dimensionless coordinates are used to obtain the solution of the problem. The Laplace
transformations are used to solve these systems of equations to obtain the components of the solar sail
acceleration. The motion about L2, L4 and its stability are studied under obalteness effects. The results
obtained are in good agreement with previous results in this field. It is remarked that this model has
special importance in space-dynamics to enabling spacecraft to do some maneuvers depends on the solar
sail acceleration.

Keywords: Dynamical systems; lagrangian points; solar sail acceleration; laplace transforms; stability of
equilibrium points; restricted three-body problem.

1 Introduction

In space dynamics, there are several systems like two-body, three-body, four- body, and N- body problem
sunder considerations. It is very important for the dynamics of binary and multiple stars as well as the
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planetary systems. The restricted three-body problem (RTBP) has been considered as a basic dynamic model
ever since the scientists have studied the orbital motion of solar sail [1,2]. Solar sail uses sunlight to generate
propulsions in space by reflecting solar photons flux from a large mirror-like sail made of light weight:
highly reflective polyimide film material. Solar sailing technology has widely investigated over the past
decade [3,4]. It appears as a promising form of advanced spacecraft population, which can enable exciting
new space-science mission concepts such as solar system exploration and deep space observation.

Reena Kumari [5] studied the equilibrium points in the restricted four-body problem with solar wind Drag.
Solar sailing, an experimental method of spacecraft propulsion, depends on the radiation pressure from the
Sun as a motive force. The idea of interplanetary travel by light was mentioned by Jules Verne [6].

There are many methods to treat the problem analytically and numerically one of these methods is the
Laplace Transformations, it is a tool for solving linear differential equations by reducing the problem to an
algebraic one [7,8]. Also, it takes care of initial conditions without the necessity of first determining the
general solution and then obtaining the required solution from it. In this work, effect of the obalteness on the
acceleration of solar sail is studied. A comparison of this case is done with the case obtained without
obalteness.

Definition1: The Laplace transform of a function, f(t), for t > 0is defined by F(s) = ff e St £(t) dt
Where
The improper integral must convergence (i.e. the limit exists and is finite) f or at least one value of s.
tis real and called the time variable.
s is complex and called frequency variable.
The resulting expression is a function of s, which symbol led by F(s).

g—iw

Definition2: The Inverse Laplace transform of the function F (s) is given by ﬁfﬁiwe“ F(s) ds

Where the integral is taken over a line in the region of convergence and ¢ is large enough that F(s) is defined
forreal s = o.

This formula (integration in complex plane) is very difficult to apply directly. So we will use different
approach.

2 Model of Solar Sail

The motion of the three body is studied, where its mass may vary insignificant compared with the masses of
the other three-bodies and m;>m,>>m. Fig. 1 illustrates the geometric of the problem, r;and r, are the
position vectors from m; and m, to m respectively. The origin is considered at the center of mass of m;and
m, which are called the primaries. The system Earth-Moon solar sail is used, where the masses of the Earth
and Moon in the canonical system are given as #fﬁ =0.987871 and u,= M2 —

Mz4Mq
0.012151 respectively.

The distance between the two primaries is unity.

n=y@x+?+@-y)?+z2 np=yatu-D?+G-y)?+22 .
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Fig. 1. The geometric of the problem

3 Equations of Motion

The vector dynamical equation for the solar sail in a rotating frame about Z-axis is described by:

.. v
r=- ax + Asolar sail (1)

Where v isthe potential function of attraction field of m,and m,

Then,

i=-2Z4a, 6
. 2

y=-5 4 3)

Using the Poincare force function F = —wv, equations (2) and (3) become:

.0
x=£+Ax 4

. JoF

y= 5 + Ay (5)
Where r is the position vector of the solar sail relative to the center of mass of the two primaries

A= Ay(S.n)?n (6)

A, is the magnitude of the solar radiation pressure force exerted on the solar sail. The unit normal to the sail
n and the Sun line direct on are given by:

n= (Cos(a)Cos(wt)Cos(a)Sin(wt) Sin(a)) @
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S = (Cos(wt) — Sin(wt) 0) (8)
Where « is the pitch angle between the normal of the sail and the sun line.

If m,and m, rotate in their circular orbit with constant angular velocity

w = \/T?;k/z [9], then in time t the angle between the two coordinates system will be wt then:

X = x cos wt — y sin wt 9)

Y = x sin wt — y cos wt (9.1)
From equation 9 we get:
X +iY = (cos wt — sin wt)(x + iy)

=e'“t(x + iy)

Z =ewtz (10)
From equations (4) and (5) we obtain:

o oF . 0F .
X+lY=£+l£+(Ax+lAy) (11)

In the same way we get:

6F+,6F_<6F+_6F) ot
0x lay_ 0x lay ¢

(A +i4,) = (A, +i4,)e™t

From equation (10)

Z=X+i¥ = el (x + iy) (12)
Differentiate equation (12) with respect to t twice and substitute in equation (11) we get:

—w?(x + iy) + 2iw(x + iy) + (X + i) =Z_i+iz_§+‘4x +i4, (13)

Then equating the real and imaginary parts

¥ - whx - 20y = -+ A, (14.2)

. . _OF
y— w?y + 2wx = £+Ay (14.2)

Before attempting to solve the differential equation system (14), all quantities must be in dimensionless

coordinates. To do this letm;m, =1 and m; + m, = M,? =¢, %: n are dimensionless coordinates of

the body, and mg,% = ,u,% = 1 — pu are dimensionless masses of the bodies m,and m,,
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Then the nondimensional equations of the system are obtained:

§—2n—Uy$ =4 (15.1)
ii+2&—Uyn =4, (15.2)
{-U, ¢ =4 (15.3)
Where

U= (56 +y) + 1) (16)

Then the potential under the effect of oblateness is given by:

— (L(g2ap2) L 1p £ KO-
U= (@) + D Ly 1O (17)
2 _p2
Where k = RESRTR” is the oblateness coefficient of the larger primary, Ry = 6378.1 and R, = 6356.8 are
D

the equatorial and polar radii of the large primary, and R, = 384400 Km is the distance between the two
primaries, and

TTl = pl,rTZ = p,are dimensionless ofr;, 7,

The solar sail acceleration components are obtained from equations (6), (7), and (8) in the form

A; = agCos(w t) Cos*a (18.1)
A, = —a,Sin(w t)Cos’a (18.2)
A; = a, Cos*a Sina (18.3)

Where the partial derivatives of the gravitational potential evaluated at the collinear libration points
are: Uy, UyandU,

We choose a particular solution in the plane as reference to Farquhar [10] and Simo [11].
4. Laplace Transformations

Equations (15.1) and (15.2) can be solved by Laplace transforms, by putting

L¢] - 2L[n] - L[U,] = L[A¢] (19)
L[ij] + 2L[¢] ~ L[U, ] = L[4,] (20)
Equations (15.1) and (15.2) yield to

52¢(s) = s£(0) — £(0) — 25 1 + 27(0) = £ (Ug + 4¢) (21)

s2n(s) = sn(0) = 7(0) + 25 & — 2£(0) = 5 (U + Ay) (22)
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Using Mathematica to solve this system of equations (15.1) and (15.2), it is more convenient to consider
. ) ; 3
6(0) = 1’](0) = {(0) =0, 5(0) = 0.8, 1’](0) = ?3'

k = 3.67146 x 1077 is the oblateness coefficient, @ = 30°, w = 1, a, = 0.2, Then the solution will be:

_ —2an-a&s—4cs—cs3—7s*—sUx—2Uy

§(s) = e (23.1)
__ 2at-ans—4fs+14s3—fs3+2Ux—sUy

n(s) = s (23.2)

We take the inverse Laplace transforms.

&(t) = —0.064 + 0.0002Cos[t] — 0.0004tCos[t] + 7. DiracDelta[t] — (0.00009 + 0.00009i)(Cos[2.t]
— iSin[2.t])((37969.55 + 38320.90i) — (38320.90 + 37969.55:)Cos[4.]
+ Cos[t]((0. —1.1) + 1.Cos[4. t] + (0. +1.1)Sin[4. t]) + (37969.55
— 38320.90i)Sin[4.t])

n(t) = 1.199 + £(0.1289 — 0.0004Cos[t]) — 0.00018Cos|[t] + (0.00009 + 0.00009:)(Cos[2.t] —
iSin[2. ¢])((—38320.90 + 37969.55i) — (37969.55 — 38320.90:)Cos[4. t] — (38320.90 +
37969.55()Sin[4.t] + Cos[t](1. —(0. +1.i)Cos[4. t] + 1.Sin[4.t])) (24)

5 Results and Discussion

From the results at L, (0.8, ?). Figs. 2, 3 and 4 show the behavior of the solar sail acceleration versus
time t € [0,50] and illustrate that there is periodicity.

Al

0.0005

—0.0005

Fig. 2. The A, acceleration derived from the solar sail about L4

0.0005

-0.0005

Fig. 3. The acceleration A, derived from the solar sail about L4
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Fig. 4. The total acceleration derived from the solar sail about L4

Figs. 5 and 6 show that the motion of a spacecraft around the libration point appears at the plane of motion.
See Fig. 7 which illustrates the trajectory of a spacecraft about the L4. Fig. 8 shows the phase space of a
spacecraft revolves in an ellipse around the L4.

3

Fig. 5. Trajectory near the point L4 with §-axis
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Fig. 6. Trajectory near the point L4 with n-axis

Fig. 7. Trajectory of a spacecraft about L4
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Fig. 8. The phase space of the body about L4

From the results at L, (1.2, 0). Figs. 9, 10 and 11 show the behavior of the solar sail acceleration versus
time t € [0,50] , and it illustrates that there is periodicity. Figs. 12 and 13 show that the motion of a
spacecraft around L2 for t € [0,50] on the &-axis and then-axis, where the effect of oblateness appears at the
plane of motion, is stable and escape after t = 35. Fig. 14 illustrates the trajectory of a spacecraft about the
L2. Fig. 15 shows the phase space of a spacecraft revolves in an ellipse around the L2.

3
Fig. 9. The acceleration ag derived from the solar sail about L2
3
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Fig. 10. The acceleration a, derived from the solar sail about L2
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Fig. 15. The phase of the body about L2

6 Conclusion

Through this work the behavior of a body about the L2 and L4 are studied by Laplace transformation. The
results obtained by Laplace transformations were very interesting to specify this study. Through this work
the effect of oblateness due to the bigger primary playing a greet rule in the space missions. So, that the
oblateness effect is considered when any missions designed. An application has done for the motion of
spacecraft near the equilibrium points of the Earth-Moon system and the results obtained was in a good
agreement with the previous work [12].
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