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Abstract

The wind speed equation of circular cyclone is a sataoklinear partial differential equations (PDE)
with 4 unknown functions u (wind speegd)(density), p (pressure) and T (temperature) and ig @S
to 14 unknown functions, 4 unknown constants related by 15iegsaThe solution is found analytically
by method of separating variables, dimension analysis, w@ndtion method guided by periodic g-
contractive mapping theorem. Isolated system is defimedthe uniform circular motion (UCM) df
steady flow in a horizontal plane is studied. Applicatiorcalculation of wind speed, temperature, mass
density and mechanical energy are given. Comparing withltsebased on statistics, probability, |or
involving random factor, the result of this paper has 3 fest(fe it belongs to certainty-type; (2) four
factorsug, p, p and T are linked; (3) these four factors are expressed byifuscof r and z ; while in

others, they belong to uncertain-type; three fagigpsand T are linked and are expressed by function of
z only. Finally, conclusion is made.

Keywords: Wind speed equation; cyclone; partial diffaereéquation; dimension analysis; steady flow;
method of separating variables; iteration method; periodic gtetive mapping theorem.
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1 Introduction

The obtained wind speed equation [1] is a set of et partial differential equations (PDE) of four
unknown functions u (wind speed), p (pressysgdensity) and T (temperature). Usually, a PDE with one
unknown function appears in a differential operator, e.g.,Tl2e case ofnore unknown functionsin PDE

are seldom seen in literature. If the unknown functions p,gnd T are related by known relationship, then,
the PDE can be changed to one unknown function of PDE anddsbiv@isual methods. However, the
relationship between these unknown functions are usuwedknown before thd?DE has been solved.
Therefore adding complementary equation(s) becomes the lsgyution. This case is similar to the case of
“statically indeterminate problem” in mechanics, where thiet®n can not be obtained just by solving
equilibrium equations, and complementary equation must tedadin this paper, complementary equations
derived by method of iteration guided by the periodic giemtive mapping theorem.

Fixed point theory is one of the active mathematical Wramic play an important role in proving the
existence and getting solution of algebra equation, diftéal equation and integral equation, etc., by the
powerful tool of iteration method.

A lot of researches on contractive mapping have been dgneAfnong these studies, the Banach
contraction mapping theorem (or Banach fixed point theordin} [the most famous, important and widely
used theorem. However, the latter developed g-contractypimg theorems [5-12] (originally proposed by
Yun [5] and latter developed of applications in fieldsnehthematics, mechanics, prey-predator system,
stock price, etc., [6 —12]) have improved and over theaBh fixed point theorem in two aspects: looser
constraint and wider use for the latter. The Banachlfp@nt theorem needs the contractive ratio less than a
constant lesser than 1. While, the g-contractive mapihi@grem allows some of contractive ratios equal to
or greater than 1, if the geometric mean of the conteacttio is less than a constant lesser than 1. Further
more, the g-contraction mapping theorem suits for periatipping with k-related fixed points, while the
Banach fixed point theorem only suits for single mappirgyget one fixed point. Here, the theorem is used
to form complementary equations via method of iterati

In section 2, the wind speed equation of a point in circulelong is separated into 14 unknown functions
and 4 unknown constants related with 15 known functions. Threpleorantary equations are obtained by
method of iteration guided by periodic g-contractive mappingorem, and unknown constants are
determined by known mass density and pressure data. Bgehef separating variables, dimension analysis
and complementary equations, the solution is finally obtained.

In section 3, isolated system is defined and a propestydied.

In section 4, application of the solution to calculationwdfid speed, temperature, density of mass and
mechanical energy of steady flow in UCM are given.

In section 5, comparing with results based on statigticability or involving random factor, the result of
this paper has 3 features: (1) it belongs to certainty-t§@)efour factoraig, p,p and T are linked (3) they
are expressed by function r and z; while in other methods, Hedong to uncertain-type; three
factorsp,p and T are linked and are expressed only by function of z.

Finally, conclusion is made.

2 Solution of Wind Speed Equation of Circular Cyclme

At first, we summarize the wind speed equation of a poittG@M of cyclone. Which is obtained based on
Boyle's law, Charles’ law and Newton’s law. It is at ©f non-linear PDE with 4 unknown functions
ug, p,p and T, independent variablesand z. Where(r, 6,z) denotes the position of the point in cylindrical
coordinates
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2.1 Method of dimension analysis

The method of dimension analysis is a simplest mediteh used to check the correctness of an equation.
The method states that the dimension of each term in baothdides of an equation should be the same. In
the following, the notationdim A = B” means that the dimension of A is B. The common unitesyst
(m, s,N) is used as the unit of (length, time, force (N- Neytaliimension system.
The 1 kg mass changes to force N, byxRgn.s™2 = 1N, or1 kg = 1 N.m™1s2.
The dimension of the ‘combination of Boyle’s law and Césidaw’ i.e.,

pV = RT, (2-1)
where p = pressuréN(m~2), V = volume(m?), R = constant{N.m.degK™1), T = temperature (K), T =
Tec + Tx = 0, Toc= temperature of Celsius’ degrdg, = 273.15°C, the absolute temperature. The dimension
of (2-1) is

dim pV = N.cm = dim RT.

The obtaineccomponent forms of wind speed equations of a point in UEsteady flow of cyclone are
(2-2) (relationship betweem, and p) or (2-3) (relationship betweean and T) of [1]:

dap(r,z -1 ap(r,z)
uw3(r,2) = g[B2] [p(r,2) +r 22, (22)
p(r,2)g = 2 22

wherep = p(r,z) = m(r, z)/V(r.z) is the density of mass.

w3 = [T 1) + 172 R

mg =R, (2)

Whereu, =0, ug = ug(r,z), andu, = gt (upward of u, is confirmed by a recorded video [13]) are
components of wind speed gi;is the acceleration of gravityy is the mass of the poir.= T(r,z) is the

du,  9%s,

temperature(r, 6,z) are cylindrical coordinates; t is the time. By inteignra of g = o T om we have

u,(r,z,t) = gt,s, =z = %gtz.

2.2 Method of separating of variables

Method of separating of variables is often used to solve. PDE

Suppose that all unknown functions can be separated. That is:
u3 = u3(r,z) = gB(r)C(2), (dimu3 = m?s7%,g = 9.81m.s"?%) (2-4)
p(r,z) = % =bg 'D(r)E(z), (dimp=kg.m 3 =N.m *s?b = const.) (2-5)
T(r,z)R = F(r)G(z), (dimTR = dimpV = N.m?) (2-6)
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p(r,z) = HDI(z), (dimp =N.m™?) (2-7)

Substituting (2-4), (2-6) into (2-3)and separating variables, we have

@) Gz) _ 1

>
T [1 + rﬂ] =k;, (k; =const.) (2-8)

F(r)
Where F(r) = dF(r)/dr, G = dG(z)/dz.

From (2-8), we have (2-9) and (2-10) :

F(r) + F(H)[1 - k;B(®)]/r = 0, 2-9)
6@ _ ]
G(z) C(2)’ (2-10)

Substituting (2-4), (2-7) into (2-2) and separating variables, we have

& _ 1 HD, - -
C(z) ke [1+ rH(r)] =k,, (k, = const) (2-11)

From (2-11), we have (2-12) and (2-13):
H(r) + HO[1 - k,B®)]/r =0, (2-12)

1@ _ ko -
12 @ (2-13)
Substituting (2-5), (2-7) into (2-g)and separating variables, we have

bD(r) _ 1(®) _
Hr) E@

k3, (ks = const.) (2-14)

From (2-14), we have (2-15) and (2-16):

D(r) = (HH(), (2-15)
2= kaE(2), (2-16)

There are total 14 unknown functiong, m,V,p,T,p,B,C,D,E,F,G,H,1 and b,k;,k, , ks 4 unknown
constants, with (2-1), (2-2) (2-2k, (2-3), (2-3), (2-4) , (2-5) , (2-6), (2-7), (2-9),(2-10), (2-12)
(2-13), (2-15), (2-16) 15 known functions, we need 3 additionadteans to solve 18 unknowns.

2.3 Complimentary equations derived by iteration mé&od

2.3.1 Forming 8 related iteration series ofB;},{C;}, {D;}, {E;}. {F}, {G;} {H;}, {1}

The 8 functions are related by 3 constdntk, ks shown in (2-8), (2-11), and (2-14). Let us unify the
notation of the 8 functions and mappings by

Xi,j+1 = Mi,]'Xi,jV (1 = 1,2, ey ] = 1,2,..,8) (2‘17)

Xij = (Mi) ™% 41, (2-18)
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Where(M;;)~" is the inverse mapping ®f;;, if it exists; subscript i denotes the number of ifergt

j=1=E(2);j=2=11(2);j=3=C1(2);j=4=G1(2);j=5=B1(r);j =6 =F(1);j =7 = Hy (1);
j=8=Dy(n). (2-19)

MappingM;;: X — X, (Vx; € X = Banach space), d(x,y) = distance for x,y € X; norm|x|| = d(0,x).

2.3.2 Starting the iteration process

From [14], there are 5 layers in atmosphere, tregers are: Exosphere 700 — 10,000 km; Thermosphere 80
— 700 km; Mesosphere 50 — 80 km; Stratosphere 12 — 50 km; Trope€phet2 km. In this paper, only the
troposphere is studied, where, in geneaal pressure and density decrease with increasing ditide. The
troposphere contains roughBp% of massof Earth’s atmosphere [15Fifty percent of the total mass of
atmosphere is located in the lower 5.6 krof the troposphere.

From the above data, we have

Z

f102km Density(z) dz = 0.8Mgqal, (2-20)

fso'ekm Density(z) dz = 0.5Mgyar, (2-21)

Z

Wherez, > 0 is set to avoid mathematical infinity in calculation.
We start fromx, ; = E; (2).
Density(z) = p(r,z) = ng(r)El(z), substitutingp into (2-20)/(2-21), we have

12k 5.6k
L, "E,(2)dz = 1.6 I, "E, (2)dz, (2-22)

The solution of (2-22) is not unique. The simplest one tiigh

X117 =E(z) =bz™!, (z>0) 2R
X11 = E;(0) = z,, (z=0) -22)s
In12 x 105 — Inz, = 1.6[In5.6 x 105 — Inz,], orz, = 1.2444, (m) (2-24)

Substituting (2-23) into (2-16) and integrating, we have:
X12 =11(z) = My x4 = ks [ bz dz = bksInz, (z > 0) (2-25)
1,(z) = bkyz™ = bk3E;(z) = bkzx, 4, (2-26)

Substituting (2-25), (2-26) into (2-13), we have:

X1’3 = Cl(Z) = kz % = kzZan = kz dZZT_ll, (2'27)

Substituting (2-27) into (2-10), we have:

dG1() _ kq dinz -
G1(z)  kp Inz’ (2-28)
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Integrating both sides respect to z, we have

%14 =Gy (2) = E—: Inz, (2-29)

X j=1-4 have been found, however, there is no relation betweenidn of r and function of z, except
dimension relation. We need more boundary conditions to detem@tiinnknowns.

From [16] the average atmospheric pressure at seasevel i
p(r,0) = H;(11;(0) = 1atm = 1.013 x 105(N.m™2). (2-30)

Since the average atmospheric pressure is set to be muepeof r, substituting (0) = k3E;(0) = k5z,
into (2-30), we have:

% — 4013 x 109(N. m~2) (2-31)

By dimension analysis of (2-4), we have

dimu3 = m%s™2 = dim[ gB,(r)C;(z)] = m's~2.m?,
Suppose thaB, (r) =,

r, Ih,<r<n;

X15 = By (1) = {ro: 0<r<r,’ (2-32)

Wherer; is the radius of the outer boundary of the circulatane; r, is the radius of inner boundary. The
reason of why we consider two expressesB@f) is that there is arfieye” in the center of cyclone.
According to [17]r; andr, denote the radius of outer and inner boundary of‘élye” of the cyclone
respectively. In [17], Hurricane Isabel (2003) as seemfExpedition 7 of the international space station,
the “eye”is clearly visible in this view from space.

SubstitutingB, (r) into (2-9), we have:

Fi(0) + Fi(M[1 - kB, (0)]/r =0, (2-33)
The solution of (2-33) is:

X16 = F1(1) = Fl(ro)%"exp [ki(r—ry)] (g <r<ry) (2-34),

X16 = F1(1) = F1(1y), (0 <1 <r1p) (2-34%
SubstitutingB, (r) into (2-12), we have:

Hy(r) + H;(0)[1 — kB, ()]/r = 0, (2-35)
The solution of (2-35) is similar to (2-33), (noke:instead of k;) we have

X;7 = H;(r) = H; (ro)rTOexp [ko(r—1g)] ,(rg <T<T1y) (2-36)

x1,7 = Hy (1) = Hy(rp), (0 <r <) (2-36)
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OnceH, (r) has been found, substitutifig (r) into (2-15), we have:
H;(r1)ks ro
X1,8 = D,(r) =D, (FO)TT exp [kp(r—rp)], (rp <r<my), (2-37)
X9 = Dy(r) = Dy(rg) =22, (0<r<rp) (2-37)

From [16] the standard result of air mass densifif@tp = latm (sea level) is set to be independent with r,
letr =r,, orr = ry, we have the same value:

p(ry,0) = EDl(rl)El(O) = EDl(rl)zo =1.29(N.m™*.5?), (2-38)
Substituting (2-38) into (2-3%) and using (2-31), we have:

Dy (ry) = Dy (rg) R D e [, (ry — )] = 129 x 9.81 (N.m™3), (2-39)
1
Substituting (2-30),(2-14) into (2-39), we have

1 1.29%9.81 r
k, = ——In[ )

ri{-ro 1.013x105ry"’

(2-40)

Wherer, and r; are known from data (measured from the picture [£7]).
From (2-39), (2-31), and (2-34,)we have:

1.29%105x9.81 _
ks = 1013%105 i—;exp [kp(r; —1o)] ™, (2-41)
Now, all 8 unknown functions and unknown const&iik,, k; have been found in round 1 of iteration. We
go to the second round, starting witj(z) as round 1. Because the atmospheric data are onlydeztwith
altitude z.

2.3.3 lteration of the second round

From (2-8), (2-11) and (2-14), the second round iteratiorkfor= E, andx, s = B, are calculated by
inverse mapping, others are generatedyigandx, s.

X371 = (M) %15 = My 1) T OMy %11 = Py 1%y 4, (2-42)
Wheref©g denotes the composition of f and g.

Py = (M) 'OMy,, (2-43)
P, ; is aperiodic mapping with period k = 2.

Xz2 = M2oXa1, Xo3 = MysXp1, X4 = MjaXaq, (2-44)

We want to calculate, s = B,(r), it can not be generated from otlxgr, but only generated by inverse
mapping. i.e.,

Xz5 = (My5) "OM; 5X; 5 = Py 5%y 5, (2-45)
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Xz6 = MyeXos, Xp7 = MpsXps, Xpg = MygXyy (2-46)

Now, the second round iteration is completedB;lf, = P,B; = B; = B*, then the serieéB;} is called
“converges to fixed poinB*”. Thus, we have 8 fixed poinBs, C*,D*,..., related each other by

H* = M;,B*, D* = M;gH", F* = M;¢B", G* = M;3C*, I = M;,E". (2-47)

2.3.4 The theorem of periodic g-contractive mapping -- cdalitions of convergent series
B;}.{C;}.{D;}L{E;}.{F.} {H;} {I;

Now, we consider the general case of iteratienco.

Definition 2.1. The ratio of

r; = |Ixi01 — Xll/11X; — X;_11l, =1, is calledcontraction ratio of x.
Here, we choice supper norm as the distandgxan — x;l|.

[Ix]| = max|x(r,z)] =R; > 1. (R; < o0).

Definition 2.2 A sequential composite mappiivfy: X — X is called &g-contractive mapping”, if for each
i € N, there exists a constaff such that the geometric mean contraction 1@tisatisfies:

0< Gj= (ry..tYi< G < 1, (2-48)

Definition 2.3 A sequential composite mappirg ,; = P;;x;; is called“periodic g-contractive mapping
with period k”,

if Mi,]'—k = Mi,]'l WherePiJ = Mi,j©Mi,j—1© ©Mi,j—k' (2'49)
The theorem of periodic g-contractive mappind5,10-12]:

Any periodic g-contractive mappirRy;: X — X in Banach space has a unique set of k related fixed points.
(2-50)

2.3.5 Condition of stopping iteration

We set a threshold for stopping iterative calculation by brrstc
||xi+1’]- - xi,j” < b||x1,j - xo,]-” =b. |X1']- - 0|, (Vj,b=const. e.g.,b=1/2<1)

let G = b, then (2-48) holds, according to the theoreeoibdic g-contractive mapping, it has a unique set
of 8 related fixed point shown in (2-47)

Now, since the second round iteration is the same as theofirsd, due to no changing of data (2-20), (2-21)
etc., thusx,; = E; = E; = x;; andx,; = x,; for all j. That means the convergence condition (24
been satisfied. The 8 fixed points are found as sho2+-47).

Summing up above results, we have:

gk,brzinz, (ro<r<n)

U5(r,2) = gB(IC() = {gkzbrozln z, (0<r<ry)’ (2-51)
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N D(ro)k—3r—°exp{k2b(r —ro)tbz7l, (ry<r<r)
p(r,z) = =D(NE(z) = ® (2-52)
& D(ro)szo, (0<r<ry
RT(r,z) = F(r)G(z)
F(ry)G(0) 2 exp[k,b(r — ry)] Eln z, (rg<r<r)
= L 2 , (2-53)
F(rO)G(O)k—:ln z, (0<r<ry
H(ro)I(0)ks 2 exp[k,b(r —ry)]Inz, (rp <r<rm)
) = = r y 2_
p(r,z) = HI() {H(rO)I(O)k3bln 2 O<r<ry) (2-34)

3 Isolated System

An isolated system means the system has no exchangedhanggcin balanced with outside world. The
phenomenon of isolated system often occurs in many fields,aegystem in an equilibrium state can be
viewed as an isolated system. In atmosphere the idagtgem often appears instantly, in seconds, hours or
longer. However, the process of development of cyclone iecegs of repeating the cycle of “equilibrium —
non-equilibrium — (a new) equilibrium”. So that the propertiesolated system should be studied.

3.1 Definition of boundary, entrance and exit betwen air groups

Definition 3.1 A region R with volume V wrapped by a zero-weighted membsarkces, ,S, andS;, if

uy(a) =0, Va €S, (3-1)
uy(a) <0, Va € S,, (3-2)
uy(a) > 0, Va € S, (3-3)

Then,S,, S, andS; is called boundary”, “entrance “, and “exit” of R, respectively. Where N is the outer
normal direction at point a #(i = 1,2,3) of R; uy(a) is the velocity component in N direction of point a.
(3-1) means that there is no particle passing thr8ygtB-2) means that particles enter R thro8gh(3-3)
means that particles exit R througih Entrance or exit is also calléont” .

Definition 3.2 A region R defined as above,Sf # 0, S, = S;,(Va € S,,and also Va € S;), (i.e., a closed
loop); or)y a, =Y a;, (a, € S,,a; €S3), (i.e., the number of particles moving in equals to that @fing
out, or the mass m keeps unchanged), then, R is callésbtated region”.

Definition 3.3 An isolated system in stable equilibrium state is herein defined by its mechanical energy
reachesninimum.

The concept of stable equilibrium in mechanics is itatsd by a ball standing on the lowest point of a
concave surface. Any disturbance let the ball moving fromethélibrium point will increase the energy.
After the disturbance disappear, the ball tends to theileduih position.

3.2 Property. The mechanical energy of an UCM isotad system is minimum
(comparing with non-UCM)

Example of isolate systemA ring tube with surface®\, = 2nrdz, A, 4, = 2n(r + dr)dz, A, = A, 4z =
2mrdr, volumeV = 2nrdrdz, wrapped by zero-weighted membrane, fully filled poiotdJCM of steady
flow in horizontal plane z is an isolated system. In Wwhic= 0 on boundary surfaces. and A, .4, Shows
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that no particle passes through the boundarySar€S;, therefore the ring tube is a closed loop, i.e., it is
isolate. Its mechanical energy at time t is:

N v
E=E+E, = [ m [Euz + gz] dv = [ m{; [ud + uZ] + gz}dv, 43-

WherekE, E, E,, is the mechanical, kinetic and potential energy of theesysespectivelym = p(r,z)V is
the mass.

Let the UCM system be disturbance by a small vanalig, (= 0), then

SE =V [} p(r,2)upSugdv = 0, (3-5)
ZZTZ =mV > 0, (3-6)
(3-5), (3-6) show that E is at minimum. (I

Any equilibrium state can be viewed as an isolated systenwhich uniform velocity keeps minimum
mechanical energy. Application examplas)iform velocity suits for cruising speed, long distane
running, etc. Any change of velocity to a non-UCM will incrase mechanical energy of the system.

The structure of a circular cyclone can be thought as thay elased loops of ring tube closely together
forms a circular cyclone.

4 Application of the solutions (2-51) — (2-54)

The solutions (2-51) -{2-54) show the following results.

(1) The wind speed equation

u(r,z) = Ju +ud +uZ = \/gy/bk,rzinz, (ry<r<r), (4-1)
u(r,z) = /gy/bkyrozlnz, (0 <r<rp), (44)

maxu(r,z) = u(ry,z) = /gbk,r;zInz, (4-2)
minu (r,z) = u(0,z) = ,/gbk,ryzlnz, (4-3)

(2) The tangent of the boundary funnel of the cyclone afry, z).

ug(ry, z) = /bkygrizinz, (ro <r <ry), u,(ry,z) =./2gz, (1o <r<r),

uz(r1,z) 2
= = < < -
tan a o(ra) ’bkzrllnz, (rg<r<ry), (4-4)

Wherea is the angle between horizontal plan and the tangentwldi the funnel boundary &t;,z). If a
can be measured, thbrcan be determined by (4-4).

(3) Mass density (2-52)

ap

1
== 0, we have = g’ and
max p(r, z) = p(1/bk,,z) = D(ro) ‘ffbkzroexp [—bk,r,]z 1, (4-5)

10
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(4) Temperature (2-53)

oT 1
== 0, we haver = e and

max RT(r,z) = RT(1/bky,z) = F(ro)G(0)bk;roexp [~bkyro] 2 Inz, (4-6)
2

(5) Pressure (2-54)

a 1
2P = 0, we haver = —, and
ar bk,

max p(r,z) = p(1/bk,,z) = H(rg)I(0)k;bk,roexp [—bk,rylz™?, (4-7)
(6) Calculation of mechanical energy of the UCM cyclone

For a ring tube, substituting (2-51), (2-52) into (3w, have

1
E = 2mrp [E (u +u2) + gz] drdz
ks _
= 1D(ry) Ero exp[bk,(r — ry)] bz 1{[gbk,rzlnz + 2gz] + 2gz}drdz
ri z
Etotal = nD(ro)k3r0b{J r exp[bk,(r — ry)] dr + bkzro}j [bk, Inz + 4]dz
ro Zo

k
= mD(ry)ry é{{ﬁ exp[bk, (r; —rg)] —ro} — [exp(bk, (r; — ro) — 1)}{bk,[zlnz —
Zolnzy] + 4z — 7]}, (4-8)

(4-8) is used to calculate the total mechanical energyts&M cyclone at time
5 Comparing

In the following, let A represent results of studies, metteadculation based on statistics, probability, or
related to random factor; B represent the results optyer.

(1). The base of A --- The ideal gas law:
pV = nRT, (5-1)

(5-1) is the common form of the ideal gas law, firsiéyived by Clapeyrong, E in 1834. Where p, V, T is the
same as above, R is gas constant, equal to the produclzai@m constant and Avogadro constant; n is the
number of moles. (5-1) relates with p, V, T and n. €lmnent of the ideal gas law is mole or atom, it size
belongs to micro-level. Application of ideal gas lamvmacro-problem often leads to results belonging to
“uncertain-type”, since the random motion (Brown motionitsshbasic assumption. While the base of B is
the combination of Boyle’s law, Charles’ law, linkedthviNewton’s second law. It relates with u, p, V, T

andp, no random factor has been involved. Therefore itstrbsilings to “certain-type”.

(2) Three factors p, V and T are related in A; whilerffactors u, p, V and T are related in B.
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(3) Only altitude =z are considered in calculation or adatrecorded in A; while
u(p,z),p(r,z), p(r,z) and T(r,z) are considered in B.

6 Conclusion

(1) The method of separating variables works. The solutigitnibe un-unique, since the constraints
are looser (recorded data without r-th direction constraint).

(2) maximum wind speed locates on the edge of the cyelgmainimum wind speed locates on the
center of the cyclone. Staying at the center of théoogcshould be safe.

3) p(r,2),p(r,z)and T(r,z) have similar distribution at the same time. Which shothat
p(r,z), p(r,z)and T(r, z) are the functions of r and z in cyclone. This is a newltes
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