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Abstract

In this article, we study the elliptic problems involving (p(z), g(x))-Laplacian in R™, We apply a

result by [1] to prove the existence of multiple nontrivial solutions.
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1 Introduction
In this article, we study the following two nonlinear problems:

—div(a(z)|Vul'™ 2 Vu) + b(z) [ul"™ 2w = A f(z,u) + pg(z,u) inRY 1)
u € Wy "™ (RY) ‘

and
—div (a(x)Vu|p(m)72Vu) + b(@)|ulP™ 20 = Moz, u,0) + pgu(z,u,v)  in RY
—div (a'(:c)|Vv|q(x>72Vv) + 0 (2)|u|?™ 2w = Afy(z, u,v) + pgo(z,u,v) in RY (1.2)
u e Wy P@(RY), v e Wy @ (RY)
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For the one equation problem (1.1), we assume that 3 < N;p : RN — R is Lipchitz continuous with
2<p <p(x) <pt < N. X and p are positives parameters, and a is a measurable function such
that a € L°°(R"™) with infyegrn a(z) > 0. The two functions f(z,t) and g(z,t) having subcritical
growth with respect to t, more precisely, we assume that f is a Carathéodory function satisfying
the following condition

If(z,t)] < m(z)|t]” VeeRY and VteR, (1.3)
p* v p* )
where m is a positive function such that m € L?= "' (R*)NL" " 7=~ 0T Y(R™), with pt < v+1 <
v < p*,p* denotes the critical Sobolev exponent, i.e., p° = np -
n—p

The function g = g(z,t), need to be a measurable function with respect to x in R™ for every ¢ in R,
and is continuous with respect to ¢ in R for almost every z in R™. Such that g(x,0) = 0, and there
exists a positive function h(z) € L (R"), satisfying

lg(z, t)]

— < +00 1.4
(z,t) R xR—{0} h(z)|t|P- (14)

The function b(x) needs to satisfy the next condition:
b(z) > by > 0 Vz € RY (1.5)

Problems involving p(x)-growth conditions, such as (1.1), have been given a special attention since
they are important in modelling some physical phenomena. For example their applications to the
study of electrorheological fluids and in elastic mechanics (see [2], [3], [4], [5]). The case of the
degenerate equation —div(a(x)|Vu[P">Vu) = Af(z,u) in R™, was studied by many authors, we
mention the work of P.[6], and others like [7], [8], [9]. Existence results for p(x)-Laplacian Dirichlet
problems on bounded domains we refer to [[10], [11]] while for the study of p(x)-Laplacian problems
in RY we refer to [[12], [13], [14], and [15] ]. In both investigation i.e bounded and unbounded, the
authors used a standard approach by applying the Mountain Pass Lemma for finding critical points
of associated variational formulations of Ambrosetti and Rabinowitz [16].

Since the appearance of the abstract result proved by Ricceri in [17]and its revisited note established
in [18] dealing with variational equations with both Dirichlet and Neumann conditions, they have
extensively been investigated. In [1], Ricceri obtained a general three critical points theorem, that
has been applied for a class of elliptic operators involving nonlinearities of polynomial growth. We
mention that the result proved in [1], will be an essential tool for the study of the existence of at
least three weak solutions for problems (1.1) and (1.2), when the nonlinearities have a maximal
growth.

This article is organized as follows. In section 2 we introduce the generalized weighted Lebesgue-
Sobolev spaces Lf((;)) (RN) and WhP@):b@)(RN) “and some imbedding results. In section 3 we treat
the the case of the one elliptic equation involving p(x)-Laplacian (1.1) and we will prove multiple
results by applying Ricceri’s principle in [18]. Finally, in section 4, we extend the result of the last
section to general elliptic systems of two nonlinear partial differential equations governed essentially

by the (p(x),q(x))-Laplacian (1.2)). Let us first recall the crucial theorem

Theorem 1.1. [1] Let X be a separable and reflexive real Banach space; ® : X — R, a coercive,
sequentially weakly lower semicontinuous C'* functional, belonging to Wx, bounded on each bounded
subset of X, and whose derivative admits a continuous inverse on X*;J : X — R a C" functional
with compact derivative. Assume that ® has a strict local minimum zo with ®(zo) = J(zo) = 0.
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Finally, set

. J(z) .. J(x)
a = max {0, lim sup ,limsup ——= ¢,
{ lzll—+oo R(T)" 2o ‘P(w)}
B = sup J(z) ;

wed—1(]0,400]) P(@)

and assume that o < 8. Then, for each compact interval [a,b] C]1/8,1/a[ (with the conventions
1/0 = 400, 1/00 = 0) there exists r > 0 with the following property: for every A € [a, b], and every
C! functional ¥ : X — R with compact derivative, there exists o > 0 such that for each u € [0, o],

the equation
' (z) = A (2) + p¥' ()

has at least three solutions in X whose norms are less than r.

2  Abstract Framework

for a b(z) € Lioc(R") satisfying the condition (1.5) we introduce the generalized weighted Lebesgue-

Sobolev spaces Lf((g (RY) and WP b= (RY)

Ly ®Y) = {u, /RN b(@)|u(z) [P < +oo}

equipped with the so called Luxembourg norm

3 u\xr T
Julbior ey = inf > 0, [ b)) "D p@ gy < 1

RN v

and
WP E(RY) = fu e LI (RY), Vu € L@ (RY)}

endowed with the norm

ullt,p(),002) = [Ullp)b@) + IVUlla@),pe)

variable exponent Lebesgue spaces resemble classical Lebesgue spaces in many respect, they are
Banach spaces, the Holder inequality holds, they are reflexive if and only if 1 < p~ < p™ < co with

p~ = inf,cpn p(x) and p* = sup, g~ p(z) and continuous functions are dense if p* < oo ([19]
Theorem 2.8). we denote by L? (*)(RY) the conjugate space of LP(® (RY), where p(lm) + ﬁ =

For any u € LP®(RY),v € L? ®(RY) The Holde type inequality

1 1
|/RN wvdz| < (pT + e el Lo 01l e (2.1)

holds true.

Let E be the space defined as the completion of C§°(R") with respect to the norm ||ull1 p(),b(2),

the condition (1.5) on the function b(z) implies that E C Wy *(R™). Also a simple calculation

shows that the norm ||u||1 p(z),b(z) 1S equivalent to the norm

|a(1:)Vu(ﬂc)
v

lull = inf {v> o,/ P 4 XA o) g < 1y, (2.2)
Rn,

set
I(u) = /Rn a(m)\Vu(INP(z)dx + b(x)\u(w)|p<z)dx
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then for all u € F - N
[ull >1 = lull” < I(u) <[l (2.3)

n -
Jull <1 = flull” <I(u) < [lull” (2.4)
u € E is a weak solution of (1.1) if

/ (a(ac)|Vu|p(x)_2Vqu + b(:v)|u|p(x)_2uv) dx = M (z,u)vdr + / ug(z,u)vdx
RN RN

RN
Yv € E.

Let recall some embedding results concerning variable exponent Lebesque-Sobolev spaces. If p(z)
is Lipchitz continuous and p™ < N, then for any ¢(z) satisfying p(z) < q(z) < NNféz), the
embedding WP@ (RY) < L2 is continuous ([20] theorem 1.1). Also, the Sobolev inequality,
lu]l Loy < C|lul| holds for all u € E for some constant C' > 0.

3 Main Results and Proof

We state and prove the following main result of this paper.

Theorem 3.1. Let us suppose 2 < p(x) < N and (1.3) . Furthermore, suppose for 1 < 7 < p~

*

P_ s
and some positive function a(z) € L= (R™) that
F
lim sup LU)T <M < +o00  uniformly xeRY (3.1)
|ul—+o0 a(x)\u|
and
sup{ F(x,u)dz} >0

uweE JRN
where F(z,t) = fot f(z,s)ds
If we set

w= i inf fRn a(ﬁj)‘vml’(z) + fRn b(x)|u\p(z)d:p
Pt Jon P u) da

:uEE,/ F(x,u)dm>0} (3.2)

Then for each compact interval [a,b] C Jw, +00], there exists 11 > 0 with the following property: for
every X € [a,b], and every function g : RN x R — R which is measurable in RY and continuous in
R satisfying (1.4), there exists § > 0 such that for each u € [0, 4], the one equation problem (1.1)
has at least three nonzero weak solutions in & whose norms are less than ry.

To prove our result we need to define the following functions ®,J, ¥ : E — R

®(u) :/ 1 (|vu|p(r) + b(l,)|u|P(z)) da
RTI,

p(z)
and
J(u) = F(z,u)dx
Rn
and
U(u) = G(z,u)dz
R®
the function ¢(u) satisfy the following inequalities
I(u) I(u)
0 < oy < 1
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then using (2.3) and (2.4) ,

- +
p P

I < o < 1M ip <1 (3.3)
pt P

MIE <o < M5 i 1< (3.4)

for each u € E It is well known that ® is well defined and continuously Gateaux differentiable with

n

<I>’(u)v :/ a(z)|Vul[P "2 Vuvu +/ b(z)ulP 2w da
R" R

for all u,v € E. Note also that ® is clearly coercive, weakly lower semi-continuous and bounded on
each bounded subset of /. By the standard uniform convexity algebraic inequality of the function
I(z) = |z|P®, z € R", we deduce that ® is uniformly monotone operator in E Moreover, a classical

result on uniformly convex spaces ensures that &' admits a continuous inverse on (E)* (Theorem
26. A) of [21], ie. ® € WE.
It follows from (1.3),

Pl 0)] € —gm(@)l™ (35)

for all (z,u) € R™ x R. Then by standard argument we have F is in C*(R™ x R), hence we see that
J is well defined and continuously Gateaux differentiable with
J (w)v = flz,uw)vdz

R™

for all u,v € E.
Lemma 3.2. J' is a compact map from E to (E)*.
Proof.

Let {ur} be a sequence in E which converges weakly to u. On one hand, in view of Holder’s
inequality and Sobolev embedding, we obtain for all 0 < R < 400,

1
P1 «
/  J s < ( / L dx) (Callull)[lo]7~,

for all u,v € FE, and p; = pthH) € [p?:l,ﬁ(lgifaﬂ))}. Since m € LP'(R™), we have

thf |m|P* dz = 0. This implies with the fact that {uj} is a bounded sequence, for any ¢,
e Jie|2R

there exists R > 0 such that

/ f(z,up)vder <e and flz,u)vdr <e (3.6)
|z|>Re |z|>Re

holds for all k.

On the other hand, applying Young’s inequality, we get

fﬁ (z,t) < m(z)v-Ttv-1

* P 7Pi v i
< p—7(’:Y+]')Tn(x)"*l(p’i("Hrl))_}_’y—‘:lt%%7

p- p-



El-Attar and Sidki; BJMCS, 13(2), 1-11, 2016; Article no.BJMCS.21945

for all t € R and a.e. € B. = {z € R";|z| < R.}. Let us remark that

v o pt
v—1y+1

< pL,

since v + 1 < v. Hence the Nemytskii operator nyil associated with f 771 is continuous from
L, P
Lv-157T (B.) in L'(B.). Then we conclude that

/| | f(a:,uk)ﬁ dx — f(x,u)ﬁ dz,
z|<Re

|z|<Re

which implies that f(x,ur) converges to f(x,u) in LvT (B.). Hence since LP~(B.) C L"(B.), we
have f(x,u)v converges to f(x,u)v in L*(B.), i.e.

[ )~ f@wwds o, (3.7
|z|<Re
for all v € L”(B.). Finally, in view of (3.6) and (3.7), we get

flz,up)vde — flz,u)vdz.

R™ Rn

This completes the proof of Lemma 2.1 and consequently J "is compact.

Now in order to prove our result, we prove that the conditions given in Theorem 1.1 are satisfied.
Indeed, using Holder’s inequality and Sobolev embedding, we have in view of (3.5),

1
[ pawdes 2 (f m i)™ @

n . R
V(z,u) € R" x E with p1 = P ey

Then from (3.3) (3.4) we obtain

J(u) p* flul !
B(u) < ﬁC?HHmHLPl el [lull <1
and N o
J Yy
W o P o LA 1 < g
P(u) ~ y+1 [l

for all uw € E. Hence since p~ < p™ < v+ 1 we have for ¢ > 0 small enough

hﬁff})lp% < %Cﬂ“HmHLms. (3.8)
On the other hand, using (3.1), there exists A > 0 such that
|F(z,u)] < Ma(x)lu|™, Yu|>A
where 7 < p~ < p™ and M > 0. Then, using Holder and Young inequalities and Sobolev embedding,
we obtain for each u € E\{0} for [jul > 1

J(u) < p* f]R”(|u\>A) F(z,u)dz p* fRn(MSA) F(z,u)dx

D(u)  — [[ul|P™ [[ul|P™
p™M Jernquisay @)Ul dz pt o fonu<a m(z)|u| " dx
- [[ullP™ v+1 [P~

MCT ||« < Jul|” T
pMCT|| IIL(pT,),II | Pt AT fan gy M)l d

[P~ v+1 [[ullP™
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*

. PE =7 mpny . p pr pr
Now using the fact that m € L"-"" (R") since 7 € [p*_—17 p*_—(w+1)]7 we get
FMOT ||| - [mll _p= flull”
J(w) P fl HLU%)’ pT AT o
O(u) — fJulP” =" 7+1 [lullP™
+MOT . [mll p
p IHOLHL(P%)/ p+A7+1—TC«I— P
B 17 741 [ulP™ =7
Therefore, since 7 < p~ we obtain
. J(u . pr AT
timsup 200 < prof (Ml e 4 Bl e e (3.9)
llull 400 P(w) L= v+1 L
for |lul| > 1 we get
. J(u - TAYTIT
timsup ) < pref [ Mljafl L.+ Imll e )< (3.10)
flull—+00 P(w) L 7+1 =

Finally, for an arbitrary ¢ and in view of (3.10) and (3.8), we get

max { lim sup J(z) ,lim sup J(z) } <0

Iz =400 ()" zj=0 ®(2)

Hence, all the assumptions of Theorem 1.1 are satisfied (with zo = 0).

Moreover, since the function G : RY x R — R is measurable in RY and C* in R such that G, =
satisfying (1.4). Then using standard arguments the functional ¥(u) = [;,, G(z,u) dz is well defined
and continuously Géateaux differentiable on W, with compact derivative, and one has

W (o = / o(@, v da

for all u,v € W. So, by Theorem 1.1, the problem (1.1) has at least two nonzero weak solutions
which are critical points of the functional & — AJ — pW.
Then the proof of Theorem 1.3 is achieved.

Example

In this example we consider the problem (1.1), where N = 5, p(z) = cos(|z|) + 3,001 the one
equation problem become,
— div(a(z)|Vu| o =DFL00 Gy o p(z) ) U=DFE0, — X f(2,u) + pg(z,u) in R®
= I/Vol,cos(\z|)+3,001(IR5)7

p~ =2.001;p" =4.001;p* = 10.01 > 10,
The function p(z) satisfy the theorem conditions then for any fonction
3,001 _v_(__3,001
m € L2001 (R°)N LV*1<4~001*W+1)(R5), ~ and v satisfying 4,001 < v+ 1 < v < 10 < p-. For the
function F(z,t), let choose 7 such that 7t < 7 < p~, and let 0 < & < min(1,7 — 2:%) be small
enough. Consider the function F : RY x R — R given by

1
-

(3.11)

F(z,u) = 8m(z)\u|7_6 In|u| ifu#0, F(z,0)=0

Then, condition (1.3) is satisfied since In |u| + == < |u|*""T**=. Tt is not difficult to see that the

T—E&
remaining hypotheses of Theorem 1.2 are satisfied
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4 (p(x),q(x))-Laplacian System

In this section we consider the two-equations nonlinear problems involving the
(p(z), g(x))-laplacian :

—div (a(m)Vu|p(w)_2Vu) + b(@) [uP 20 = Afu (@, u,0) + pgu(z,u,v)  in RY

—div (a/(ac)|Vv|Q(m)_2VU) + 0 (2)|u|?™ 2w = Afy (z,u,v) + pgo(z,u,v) in RY (4.1)

u € Wol’p(w)(RN),v € Wol’qu)(RN)

where 2 < p~ < p(z) <p" < N,2<q” < q(x) <q" < N. A\ u>0 are parameters. The functions
a(z),a’(x) are measurable functions in L™ (R™) with infgny a’(x), infgnya(z) > 0. The functions
b(z),b'(z) are measurable functions in L75,(R"™) with infgn) b'(z), infgn)b(z) > 0. The functions

f(z,t,t') and g(=,t,t') having sub-critical growth with respect to ¢, More precisely, we assume
that f is a Carathéodory function satisfying the following condition

|f(@,t,¢)] <m(a) (|t]” +[t']") Vz€R" and VteR, (4.2)

where m(z) is a positive function such that

me L& -1 (R") N L7 -0 (RY),

with
sT<y+l<v<st
where
st =maz(p*,q"), s~ =min(p”,q"), s~ =min(p>,q")
with
« _ np « _ ng
p—_nip_',?(I— TquJ'_'
z,,t,t
up lg( 2 )| < oo, (4.3)
(..t eR™ x (R—{0})2 h(z)([t]"= + [¢'[P~)
for some

h e L (R"™) and g(z,0) = 0.
We shall look for a weak-solution of (4.1) in the space Wol’p(x) (RY) x Wol’q(x) (R™) which is endowed

with the Cartesian norm ||(u,v)|| = Hu||W01,p<w)(RN) + |\UHWJ,q<z)<RN). We set

E =Wy ®RN), B = W RN, U = (u,0), f(z,U) = fulz,u,v)+ folz,u,v),
g(.’B,U) = gu(x,u, U) +gv(x,u,v), a‘nd F(KE,U,’U) = fou fu(x7 871}) dS + f()v fv(x,u,s) dS

Theorem 4.1. Let us suppose for 1 < T < s~ and some positive function a(zx) € L(T_)/(]R") that

F
lim sup LU)T <M < +o0o  uniformly xeRY, (4.4)
U|—+00 (@)U

and

sup (/ F(:c,U)dz>>0
UeExE' \JRN

1. Jom Az, U)dz
= —jnfd R T 4.
w S+1n {fRnF(m,U)da: UGVV,}, (4.5)

If we set
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where A(z,U) = (a(m)|Vu|p(z) +d'(2)|Vu|?™ + b(z)|ulP™ dx + b'(ac)|u|q<z)> and W = {U € E x
£, fR" F(z,U)dz > 0}, then for each compact interval [a,b] C Jw, +00[, there exists r1 > 0 with the
following property: for every A € [a,b], and every function g : RY x R — R which is measurable in

RY and continuous in R satisfying (4.3) , there exists & > 0 such that for each p € [0,9], the two-
equation system (4.1) has at least two nonzero weak solutions in E whose norms are less than ri.

To prove this result we need to define the following functions
& JV:EXxE —R

dU) = /Rn ﬁ (|wp<$> +b(x)\u|p(z)) dx+/Rn %x) (|wq<z> +b'(x)|v|q(z))dm
and
JU) = /n F(z,U)dz
and
U(U) = . G(z,U)dx

The functions ®(U), J(U) ,¥(U) need to satisfy the conditions of the theorem 1.1, i.e

® : E x E' = R, a coercive, sequentially weakly lower semi continuous C" functional, belonging
to Wgy g7, bounded on each bounded subset of E x E’, and whose derivative admits a continuous
inverse on X*; also it not difficult to see that ¢(U) satisfy;
z (z) p(x) q(x)
lallz™ | llolE [
e e < gy < e 4 1202
pt gt p q
then for |jullzg <1 and ||v||pr <1 we have:

_ Il + el

+ +
l[ulle + 1ol
——E "B <9U
st < 2(U) s
then for a very small value of ||u|| g, and, ||v||z we have

.
(lulle + lvlle)*
T 22U

< (lulls + [l

witch leads us to an inequality similar to the one (3.3) in section 3,

U EXE' <t U EXE' s
{ IIS+ ) §<I>(U)§(” IIS_ ) (4.6)

Olso for a very big value of ||u||g and ||v| g/, we have an inequality similar (3.4) in section 3
s st
U exe) <o(U) < (IUllexz) (4.7)
st - - 5~

Those inequalities (4.6), (4.7) will play a major role (similar to the one played by (3.3) and (3.4)
in section 3) to prove

. JU) . J(U
a =max 10, limsup ——=,limsup ——= ¢,
{ 1wl—+ee (U)o ‘1>(U)}
J(U)
B= sup —A
ved—1(0,+00)) P(U)

with & = 0 < 8 = 0o Then, for each compact interval [a,b] C]0, oo[ there exists 1 > 0 such that
the problem (4.1) has at least three solutions in F X E’ whose norms are less than r;.
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