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Abstract

In this study, we intended to present insights into bipolar soft set in the union of two isomorphic
hemi-rings. This concept provides a new soft algebraic tool in many uncertainties problems. We
introduced BS-h-sum and BS-h-product of BS-sets. In particular, we discussed bipolar soft
intersectional h-ideals in the union of two isomorphic hemi-rings. In addition, we characterized

isomorphic h-hemi-regular hemi-rings using bipolar soft intersectional h-ideals.
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1 Introduction

There are various problems of information sciences, industrial sciences, engineering, medical sciences
and social sciences etc. containing vagueness and uncertainty. Molodtsov [1], popularized the soft
sets as a new soft tool in mathematics for dealing with uncertainties. Subsequently, this theory has
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been applied in many research areas such as data analysis, approximate reasoning, simulation and
decision-making etc. (see [2]-[6]). Maji et al. [7], proposed some useful definitions in soft set theory.
Nowadays, research in this area advancing rapidly with remarkable applications. Cagman et al.
(see [8]- [10]), have been applied this theory in various algebraic structure, especially in the theory
of groups. Ali et al. [11],[12], advanced soft set with useful new operations. The bipolar soft set
with applications in decision-making popularized by Shabir et al. [13], and discussed exhaustively
by Karaaslan et al. [14].

Semi-rings presented by Vandiver [15] and theory of semi-rings have been researched by many
researchers [16]-[18]. Ideals of hemi-rings, as an especial class of particular hemi-rings, play an
essential role in the algebraic structure theories any how many properties of hemi-rings are described
by ideals. Henriksen [19], defined ideals in hemi-rings. In 2013, fuzzy ideals and interior ideals in
ordered semi-rings investigated by Mandal [20]. Characterizations of hemi-rings by their bipolar-
valued fuzzy h-ideals introduced by Mahmood et al. [21]. Feng et al. [22], initiated soft semi-rings.
Recently, Zhan et al. [23]-[25], investigated soft union set and soft intersectional set which give new
soft tool to consider problems that containing vagueness. Moreover, they characterized hemi-rings,
h-semi-simple hemi-rings and h-quasi-hemi-regular hemi-rings by using soft union h-ideals and soft
intersectional h-ideals. Also (see [26]- [28]).

A bipolar soft set is obtained by considering not only a carefully chosen set of parameters but also
an allied set of oppositely meaning parameters. Structure of a bipolar soft set is managed by two
functions, say ¥ : R — P(U) and § : S — P (U), we define an isomorphic mapping h from R to
S. For example, we consider two sets mania patient set R = {c1, ca,cs} and depression patient set
S = {cz2, c3, 5} with mapping h(c1) = ¢s, h(ca) = ¢5 and h(cs) = c5,then we have bipolar soft sets
(7 (c1),0 (¢3)), (7 (ca) , 6 (c5)) and (3 (c1), 6 (c3)) over U such that 5 (c1) N6 (c3) = 0 and so on. The
function 0 describes somewhat an opposite or negative approximation for the attractiveness of a
things relative to the approximation computed by 5. Maji et al. [7] had used the "not set” to define
the complement of a soft set. Above representation 5 is more generalized then soft complement
function. In [13] authors used a bijective mapping from any set R to S, but in algebraic structures
isomorphism rather more generalized.

In this study, we intended to present insights into bipolar soft set in the union of two isomorphic
hemi-rings. This notion should evolve a foundation to handle problems in algebraic structures. In
the manner of Ma and Zhan [25], we investigated bipolar soft intersectional h-ideals (breifly BSI-h-
ideals) in the union of two isomorphic hemi-rings and some useful results. We introduced B/S-h-sum
and BS-h-product of BS-sets. Finally, we characterized isomorphic h-hemi-regular hemi-rings using
bipolar soft intersectional h-ideals.

2 Preliminaries

A semi-ring is a system consisting of non-empty set R on which operation of addition and multiplication
(denoted in usual manner) have been defined such that (R,+), and (R,.) are semi-group and
multiplication distributes over addition either side. An element 0 € R, such that 0.z = .0 = 0 and
04+x=240=xz for all z € R is called zero element. An ideal of a semi-ring R is a subset L of
R which is closed under addition and RL C L, LR C L. A semi-ring (R, +,.) with zero is called a
hemi-ring if (R, +) is commutative.

Let R and S be two hemi-rings then a mapping n from a hemi-ring R to a hemi-ring S is said
to be an isomorphism of hemi-rings if it holds, (i) n(0r) = Os for all Or € R,0s € S (i)
n(zr + yr) = n(zr) + n(yr) and n(zryr) = n(zr)n(yr) for all zr,yr € R (iit) n is bijective.
Moreover, for basic definitions and notions of hemi-rings we refer to [18].
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Let U be an universe, and E be a parameters set. Let P(U) be a set of power set of U and L, L1, L
be non-empty subsets of E. Then we define 2.1 and 2.2 as follow.

2.1 Definition|[7]

A soft set G, over U is defined as GL : B — P(U) such that Gr(a) = 0 if a ¢ L. Tt can be
represented by G = {(a,Gr(a)) | a € E,Gr(a) € P(U)}.

Moreover, GG, is also called an approximate function.

The set of all soft set over U will be denoted by ST(TJ/)

2.2 Definition[10] , [29] , [30]

Let éLl,éLz,éL € gaf)

(i) A soft set is called null soft set if Gr(a) = 0, for a € E. It denoted by ®y.

(ii) A soft set is called whole soft set if G1(a) = U, for a € E. It denoted by JiL.

(iii) Soft set G, is called subset of G1,, denoted by G, CGr, and defined by G, (a) C Gr.,(a)
for all a € E.
(iv) Union of Gr, and G, denoted by éngL2 = G1,0GL, and defined by éngLz (a) =
(a) UGr,(a) for all a € E.
(v) Intersection of Gr, and G, denoted by CNJLIF]LZ = G1,NGr, and defined by CNT’LlﬁLz (a) =
Gr,(a)NGr,(a) for all a € E.
(vi) Complement of G, denoted (G1)® or G- and defined by G-r,(a) = P(U) — G (a) for all
a€ k.

(vii) Upper a-inclusion of Gy, is denoted by (G¥ : @) and defined by (GY : @) = {z € A |
Gr(z)2a} forallz € E,a C U.

Gr,

2.3 Definition|[25]

A soft set G r over U is called a soft intersection h-ideals in hemi-rings R over U if it holds

(si1) Grla+b) D Gr(a)NGr(b),

(siz) Gr(ab) 2 Gr(a),

(sis3) GR(ab) D GR( ),

(sia) GR(a) Gr(z1)N éR(xz), with a +x1 +c¢c=z2 + ¢, for a,c,z1,22 € R.

2.4 Definition[14]

Let E be the parameters set with £ = E; U E; and E1 N E2 = (). There is a bijective mapping
h:Ey — Ey. If F: Ey — P(U) and G : E; — P(U) are two mappings such that F(e)NG(h(e)) = 0,
then the triple (F,G, E) is called bipolar soft set (i.e. briefly BS-set) over U. For the sake of
simplicity, we shall use the symbol B= (ﬁ é) We represents it as following form
7.8 { (@ Fi, (2)), (h(x). Gy (h(2)) w € R }
such that Fi, (z) N Gg,(h(z)) =0

If Fr, (2)) = 0 and G, (h(z)) = 0 for € R, then ((z,0), (h(z),0))) is nothing remarked in BS-set.
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3 Main Results

In this section, we presented bipolar soft set in union of two isomorphic hemi-rings. We contemplated
BS-h-product, BS-h-sum and BS-characteristic function.

3.1 Definition

Let E be the parameters set and R and S be two hemi-rings such that E = RUS and RNS # 0
and mapping 17 : R — S be an isomorphism. If 5 : R — P(U) and 65 : S — P(U) are two mapings
such that Jr(e) N ds(n(e)) = 0, then the triple (Yr,ds, E) is called bipolar soft set (BS-set) in
union of two hemi-rings over U. For the sake of simplicity, we shall use the symbol B = (WR,SS)
and represents it as following form:

(. 35) = ((@,7r(2)), (n(x),85(n()))) : @ € R
08 such that Yg(z) Nds(n(z)) =0 '

If r(z)) = 0 and 0s(n(z)) = 0 for x € R, then ((z,0), (n(z),0))) is nothing written in bipolar soft
set. We shall denote the set of all bipolar soft sets of RU S over U by BS(RU S).

Moreover, throughout this paper we will denote set of parameters £ = R U S as an union of two
hemi-rings R and S with RN S = () and mapping 1 will be an isomorphism between R and S.
Otherwise, we particularized.

3.2 Definition
Let B = (3r,0s),B* = (Y4,05) € BS(RU S) then

(1) BS-set B is subset of BS-set B* denoted by B C B* or g C 75&,0s C 05 if (Ar(z) C
Ta(e), Gs(n(@) 2 5(n@) for all 2 € Ryn() € 5.

(ii) BS-set B is equal to BS-set B* denoted by B = B* if BC B*, B J B*.

(iii) Intersection of B and B* is denoted by BnB* = (Fr M AR, 0s M d5) and defined by
BB (@) = ((GrN73)(), Gs N55)(n(x))) where (e N77)(x) = Galz) N 34()) and (s 1
55)(n(@)) = (Bs(1(x) U5 (n(@)) for all o € R,n(a) € 5. o i

(iv) Union of B and B* is denoted by B U B* = (Jr U7E,ds U 65) and defined by B U

(z) = (WR U9g)(z), (6s U 53)(?7(90))) where (YrRUVR)(z) = (Yr(z)UVR(x)) and (65U05) (n(x)) =
(6s5(n(z)) N 65 (n(x))) for all z € R, n(x) € S.

(v) B is called null BS-set if ¥r(z) = Or, ds(n(z)) = Us denoted by ® = (g, Us).

(vi) B is called absolute BS-set if yr(z) = Us, ds(n(z)) = 0s denoted by U = (Ug, 0s).

3.3 Example

Let U = {v1,v2,vs,v4,s5,06,v7} be Universe and £ = RU S where R = {z1,z2,23} and S =
{y1,y2,ys} with be two hemi-rings. Define n: R — S with n(z1) = y2,n(z2) = y3,n(x3) = 11

So, we can present two BS-set in RU S over U by

_ (@1, {v1,02}), (n(=1), {vs, v6,v7}))
(Ar,ds) = ¢ ((x2,{v1,v3,v5}), (n(x2), {ve,va,v7})) o,
(1, {v2,04}), (n(x2), {vs, v6}))
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_ (1, {v1,v2,v7}), (n(x2), {v4,v6}))
(YR, 05) = § (w2, {v2,v3,v5}), (n(z2), {v1,v4,07}))
(w1, {v1,04}), (n(2), {vs, v7}))
3.4 Definition
Let B = (r,0s) and B* = (¥5,0%) be two BS-set in RU S over U. We define

(ZZ BS-h-sum B N

(B@n B*) = ((Fr @1 AR), (05 ©n 05))

where

(Yr ®n VR)(a) = U {Yr(@1) NVR(22) NYR(Y1) NVR(Y2)}

a+x1+y1+b=x2+y2+b
S Bl s (n(an)) U5 (n(e2)
o e DN = e L)+t { s (1) U 351(02) }
= n(z2) + n(yz) + n(b)
(E on E*)(a) = (6}37(75) if a cannot signified as a + ki Yezk + b = zn: Y 21 + b, n(a) +
=1 k'=1

m n

2 n(ye)n(ze)+nb) = > 0y )n(ze)+n(b) Ya, yk, 2w, Y, 210, b € Rand n(a), n(yx), n(zx), n(b), n(yw ), n(z1) €
=1 k/=1
S.

(i) BS-h-product

(Bon B") = ((Fr on 7k), (s on 05))

where
(YronR)(a) = u {Fr(yr) N TR (2k) N TR (Y ) N TR (200)}
a+k§1ykzk+b:k21y’k,z;,+b
o 35 (n(yr)) U 05 (n(2x))
(85 on 53)(n(a)) = .0 { s, }
n(@) + S nen(ze) + 1) Uds (n(yys)) U ds(n(zp))

(BopB*)(a) = (@R, Us) if a cannot signified as a+z14y14+b = za+ya+b, n(a)+n(z1)+n(y1)+n(b) =
n(@2) +n(yz2) + n(b)Va, 21, 22,51, 92,0 € R and n(a), n(z1),n(x2),n(b),n(y1),n(y2) € S.

3.5 Definition
Let ) # L; and @ # Lo be two subset of E such that L1 C R and L2 C S. We denote by

XL, =L, = (WL, 5L,) the BS-characteristic function of L;—Ly over U and define as

- [ 0r if ¢l
le(l’)*{ U r if z €L
_ _ [ 0sif n(z)€ Lo,
5L, (n(x)) = { Usif n(z)¢ Lo

3.6 Proposition

Let L,M C R, L*,M™* C S and mapping 7 : R — S be an isomorphism. Also L is isomorphic to L*
and M is isomorphic to M™*. Then the following hold:

(1) LC M and L* C M* = wr C wum and 2~ C e+ (e, X1+ © Xar—=ar+)
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(2) Xe=r+MXM=m> = (GL MW, 2L ﬂ;f]w*) such that @ MWy = @panm and s« Mgy =
%L*UM*
(3) Xe=r* on Xm—=m+ = (Wrap e 5)-

4 BSI-hemi-rings

In this section, we initiated bipolar soft intersectional hemi-rings and presented some related
properties.

4.1 Definition

A BS-set B = (WR,SS) over U is called a bipolar soft intersectional hemi-ring (i.e, briefly BSI-
hemi-ring) in union of two isomorphic hemi-rings R and S over U if it holds

(B-Sh1) Fr(a +b) 2 Fr(a) NFr(b), 3s(n(a+b)) € 3s(n(a)) U ds(n(s))
(B-Shz) Fr(ab) 2 Fr(a) N s (b), 35 (n(ab)) C 3s(n(a)) U ds(y(b))
(B-Shs) r(a) 2 Fr(e1) NTa(22),35(n(a) C 3s(n(a1)) U ds(n(a2)) with a+ 21 + ¢ = a2 +

(a
¢,n(a) +n(z1) + n(c) = n(x2) + n(c) for a, ¢, 1, z2 € R, and n(a), n(c),n(x1),n(x1) € S.

In rest of the paper, set of all BSI-h-hemi-ring of RU S over U is denoted by BSTH(RU S).

4.2 Example

Let Z¢ = R = {Or, 1R, 2R, 3R, 4R, 5r} be a hemi-ring of non-negative integers module 6.

Also let S = {0s,as,bs,cs,ds,es} be a hemi-ring with 74" and ”.” as fallow

+ Os as bs cs ds es . Os as bs cs ds es
Os | Os | as | bs cs ds | es Os | Os | Os | Os | Og | Os | Os
as | as | bs | cs | ds | es | Og as | Os | as | bs | ¢es | ds | es
bs | bs | cs | ds | es | Os | as bs | Os | bs | ds | Os | bs | ds
cs | cs ds | es | Os | as | bs cs | Os | cs Os | es | Os | ¢s
ds | ds | es | Os | as | bs cs ds | Os | ds | bs | Os | bs bs
es | es | Os | as | bs | cs | ds es | Os | es | ds | cs | bs | as

Here E = RU S and clearly RNS = (). Assume U = Zg and we describe a BS-set B= (”VR,SS)
in RU S over U. There is an isomorphism 1 : R — S such that 7(0r) = 0s,n(1r) = as,n(2r) =
bs,n(3r) = cs,n(4r) = ds,n(5r) = es.

Or 1r 2r 3r 4 5r
Sn@) {023,457 [ {0.45] | {457 | {2.4] | {4.5] | {0.45]
Sr(n(z)) | {1} {1,2,3} | {1,2} | {1,3} | {1,2} | {1,2,3}

Clearly B = (Yr,0ds) € BSTH(RU S).

4.3 Proposition

If B = (3r,0s) € BSIH(RU S), then 7r(0r) 2 Fr(xr) and ds(n(0r)) C ds(n(zr)) YOr, zr €
R,n(0r),n(zr) € S.
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4.4 Proposition

Two non-empty subsets L of R and M of S are h-subhemi-rings of R and S respectively if and only
if BS-set B = (Jr,ds) of RU S over U is defined by

~ o if x € R/L

r (z) = o if zelL

~ [ B if n(z)e M

55 (n(@)) = { B i n(x) e S/M

is a BSI-hemi-ring of RU S over U, with a,0’, 3,8’ CU and a C o/, B C .

Proof. Assume that two non-empty subsets L of R and M of S are h-subhemi-rings of R and S
respectively. Let a,b € R and n(a),n(b) € S.

(i) If a,b € L and n(a),n(b) € M, then ab,a +b € L and n(a)n(b),n(a ) nd) € M.
Therefore, Jr (a) = r (b) = Fr (a +b) = Fr (ab) = o’ and 35 (n(a)) = ds (n(b)) = ( (a+0b)) =
0s (n(ab)) = B which implies Fr (a +b) 2 Fr (a) N Fr (b) .85 (n(a + b)) C ds (n(a)) U 3s (n(b)) and
Yr (ab) 2 Fr (@) N (b) ,ds (n(ab)) C s (n(a)) U ds (n(b))

(ii) If either one if a and b does not belong to L, then either one if n(a) and n(b) does
not belong to M. So that ab € L or ab ¢ L,a+b € Lora+b ¢ L and n(a)n(b) € M or
n(a)n(b) & M,n(a) +n(b) € M or n(a) + n(b) ¢ M. Therefore, B

Fr(a+b) 2 Ar(a) NFr(b)_ = a,ds (n(a+1b)) C Is(n(a) Uds (b)) = ' and Fr (ab) 2

Fr (a) N Tk (b) = , 35 (n(ab)) € ds (n(a)) U ds (n(b)) = B
(i4i) Moreover, for a,z,y,b € R we have a+x+b =y +b. If z,y € L,n(x),n(y) € M then
a € L,n(a) € M with,

Tr (a) = 35 () N AR (v) = o35 (1(a)) = Bs (n(x)) Uds (n(y)) = B. 1 a ¢ L or b ¢ L, then
T (a) 2 T (2) N 7r (4) = 0,85 (n(a)) C Bs (n(x) U ds (n(y)) = 5

Therefore, B = (Yr,0s) € BSIH(RU S).

Conversely, let B= ﬁR»gSLG BSIH(RUS) and for a,b € R,n(a),n(b) € S Vr (a + b) 2Agr(a)N
Fr (b) =/, 65 (n(a+ b)) C ds (n(a))Uds (n(b)) = B and Yr (ab) 2 WR( )NAr (b) = o, 85 (n(ab)) C
ds (n(a)) U éds (n(b)) = B which implies a + b,ab € L and n(a + b),n(ab) € M

Now, for z,y € R,n(x),n(y) € S and a,b € L,n(a),n(b) € M we have a +z + b =y + b, n(a) +
n(z) + n(b) = n(y) + n(b) such that N N
Yr (@) =7k (2) N YR (y) = o, s (n(a)) = s (n(x)) Uds (n(y)) = B which implies a € L,n(a) €

Hence subsets L of R and M of S are h-subhemi-rings of R and S respectively. O

4.5 Corollary

Let ) # L and () # M be two subset of E such that L C R, M C S. Then L and M are h-subhemi-
rings of R and S respectively if and only if Xp—= € BSIH(RUS).

4.6 Definition
Let B = (ﬁR,SS) be a BS-set in F = RU S over U and consider &,E C U with an E: (. Then

(i) The set 72 = {z € R| Ar ( ) D @} is called upper &-inclusion of B.
(ii) The set 5§ ={n(a) € S| s (n(a)) C B:a € R} is called upper S-inclusion of B.
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(iii) The set E(Q&yg) = ({m € R|Fr(z) Da},{nx) e S|ds(n(z) Ch:ac R}) is called upper

(&, B)-inclusion of B.

4.7 Proposition

n (&, E) -inclusion E(Qaé) of B a bipolar h-subhemi-ring (BhS-hemi-ring) of RU S if and only if

7;% is a h-subhemi-ring of R and gg is a h-suhemi-ring S.

4.8 Theorem

If B= (Yr,0s) € BSIH(RUS) and & € I,,(3) and f € I,,(8), then its (&, ﬁ) inclusion B(
a BhS-hemi-ring of RU S over U.

.B) 8

N

Proof. Let B € BSIH(RUS) and @ € In(7),8 € In(3). For a,b € 73, Ar(a) 2 & Fr(b)
and 6s(n(a) C B bs(n(b) C B. Since §~6 BSIH(RUS), we have Yr(a +b) 2 Yr(a) NYr(b)
Js(n(a +)) € 35(n(@)) UBs(n(b)) C B and Tr(ab) 2 Trla) 1 7r(8) 2 &, ds(n(ab)) € ds(n()
S55(n(b)) C B this implies b+ ¢ € 72,m(b) +nlc) € S% and be € 72, n(b)n(c) € 5;%)

(Y]
=}

C

Let ¢,d € 'ig such that z + ¢+ z = d + z with Jr(z) 2 Fr(c )ﬁyR(d) a =z € 7~ and for
n(c),n(d) € 33 such that n(z) + n(c) +n(z) = n(d) +n(z) with ds(n(z)) C ds(n(c)) U ds(n(d)) <
b=z € ﬁg,n(x) € gg Therefore Wag and SE? are h-subhemi-ring of R and S respectively. Hence
B'(Qa 5 is BhS-hemi-ring of RU S. O
4.9 Proposition

IfB = Vg, SS) is a BS-set of RUS over U, and (&, E)—inclusion is a BhS-hemi-ring of RUS for each
&, C U and BI,,(B) is an bipolar set by bipolar inclusion. Then B = (r,ds) € BSIH(RU S).

Proof. Let (&,g)-inclusion be a BhS-hemi-ring of R U S over U. Assume a,b € R be such that

Vr(a) = &,Fr(b) = & and 3s(n(a) = B, 3s(n(b) = ,3" where @ C &, 8/ 2 8" and &@,a", 8, 8" C
U. This implies a € 72, b € 35, n(a) € S%,,n(b) € 65 and so b € m%w(b) € B2. As B(Qa ) is
a BhS-hemi-ring in R U S for all &, C U so that r(a+b) D & = & Na" = Fr(a) N Fr(b),
ds(na+b)) C B = B UB" = ds(n(a) Uds(n(b) and Fr(ab) 2 & = &r N &% = Fr(a) N Ar(b),
3s(n(a)n(b)) € B =B UB" = ds(n(a) Uds(n(b).

Let c € 52,,d € 32, and 1(c) € %,,n(d) € 55,, where & C & and ' D 8. Then x4+ c+2z=d+z
with Yr(z) 2 & = Fr(c)NFr(d) and n(z) +n(c) +n(2) = n(d)+1(z) with 3s(n(x)) C 8 = B'UB" =
3s(n(e) U ds (n(d).

Therefore, B = (WR,SS) € BSIH(RUS). O

1"

4.10 Theorem

Let B = (3r,0s) be a BS-set in RU S over U, then B € BSIH(RU S) if and only if it holds
(B-Shs) and (B-Sha) Ar ®n ¥r C IR, 05 ®n 05 C 65 (B-Shs) Ar on 7r C g, ds on ds C ds
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Proof. Let B = (WR,SS) € BSIH(RUS). If (g ®rYr) (a) = Or and (5~s Dn gs) (n(a)) = Us
for a € R,n(a) € S, then (r ®1nr) (a) C Fr (a), (5~s ®n gs) (n(a)) 2 &5 (n(a)). Therefore,
YR ®rYr C R, gs ®n gs C gs. Otherwise, let a+x1+y1+b=x2+y2+band n(a)+n(z1) +n(y1) +
n(b) = n(z2) +n(y2) +n(b) Ya,z1,22,y1,y2,b € R and n(a),n(z1),n(z2),n(b),n(y1), n(y2) € S.

Then,

(Yr ©n Yr)(a)

= U 5 n~ ny ny
wtor oA D st yaspt TRE) N AR(22) 0 TR(Y1) NTR(y2)}

- a+z1+y1+Ll7J:$2+y2+b{7R($l + yl) n 7R($2 + y2)}
{Vr(a)}

N

N

U
atz1+y1+b=z2+y2+b
=7r (a).

On the other hand,

(0s @ ds)(a)
_ { 8s(n(x1)) Uds(n(2)) }

= al 2 2
n(a)+n(z1)+n(y1)+nd)=n(z2)+n(y2)+n®) | Uds(n(y1)) U ds(n(y2))

5 ﬂ ds(n(z1) +n(z2))
T n(a)+n(z1)+n(y)+nd)=n(z2)+n(y2)+n®) | Uds(n(y1) + n(y2))

> n {Fsn(a)}
n(a)+n(z1)+n(y1)+n(b)=n(x2)+n(y2)+n(b)
= ds(n(a)).

Therefore, ¥r On WREWR, bs ®n gsigs-

Now as B = (Fr,0s) € BSIH(RUS). If (3 on 7r) (a) = O and (55 on Ss) (n(a)) = Us for a €
R,n(a) € S, then (r on 7r) (a) € 7r (a), (85 on 85 ) (n(a)) 2 Ts (1 (a)) . Therefore, Tron Tnln,

S5 on 0s0s. Otherwise, let a + Syrzk +b = Y Yz + b and n(a) + 3 n(ye)n(zk) + n(b) =
k=1 k=1 k=1

> (e )n(zp) + n(b) Va, zk, 24, Yk, Yi, b € R and n(a), n(zk), 0z ), n(b), n(yx), n(yp) € S.

k'=1

So that,

(Y& on Yr)(a)
= u {3 (yr) VTR (2k) VTR (YR ) N TR (200)}
a+k21ykzk+b= > Yzt
= k=1

c u Ar(X yrze) VAR Y Y20}
at+ 3 ypzptb= Xy, 2, +b k=1 K=t
k=1 k/=1
C U {Ar(a)}

m n
at 37 ypzpt+b= 3 y/_,z/,+b
k=1 Ki=1 KR

iaR ((’):) )
(85 on ds)(a)
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_ . { 85 (n(yx)) U bs (n(z) }

m n / !
n(a)+k¥1n(yk)7](zk)+7](b):k,2: 7](y;€,)7](zl’€,)+n(b) U(sS (n(yk/)) U (SS(T](Z]C/))

B (( Sl n(1)))
>

> N
n@)+ £ nwon(e)tn®)= 3 n(n(4,)+n0) Was (( 3 n(wh)n(21)))
= k/=1 k'=1
> no {Fstm(a)}
n(a)+k21n(yk)n(zk)+n(b)= > n(y )n(zy,)+n(b)
= k=1 g g
= ds(n(a)).

Therefore, g on Yr = Jr, 05 on 05 C ds.
Hence (B-Shs) and (B-Shs) hold.

Conversely, suppose (B-Shs),(B-Shs) and (B-Shs) hold.

r (a1 + a2)
(Yr @k AR) (a1 + a2)

vt

al+a2+ml+yL1J+b:m+y2+b{7R(fE1) NAr(22) NYr(y1) N YR (Y2)}
2 Yr(a1) N Yr(az) N7r(0)

= 7r(a1) NYr(a2),

ds(n n(a1) + n(az))

C (3s @n ds)(n(ar) + n(az))

s (n(21)) U s (n(a2)) }

N
n(a1)+n(az)+n(z1)+n(y1)+nb)=n(z2)+n(y2)+n(b) { Uds(n(y1)) Uds(n(yz))

cl o ds(n(ar))
= | Ués(n(azz) U ds(n(0))
= 6s(n(a1)) Uds(n(az))

n

Let za + Zym +b= Z Yir 2 + b and n(za) + Zn(yk) (zx) +n(b) = > 0y )n(z4) + n(b)

k'=1 k'=1

Vx,a,Zk,zk/,yk,yk/,beRand n(x),n(a )7n(Zk)m(zk/)m(b)m(yk),n(yfa) €.

So that,
Yr(a1a2)
2 (Fr on Ar)(a102)
= Y {Fr(yr) N TR (2r) N TR Yk ) N TR (20)}
ajas+ 3 ypzptb= X y),z,,+b
k=1 k/=1
2 . U (> yez) NAR( S v 2o}
ajaz+ 3 ypzptbi= 3 v, 2, +b1 k=1 k=1
k=1 k=1
2 U {¥r(a1) NFr(az)}

m
ajaz+ 3 ypzp+b= X3 y;/z;cl+b
k=1 k/=1
=9r(a1) NYr(az),

and

10



Hayat and Mahmood; BJMCS, 13(2), 1-21, 2016; Article no.BJMCS.22028

ds(n(a1)n(az))
C (85 on ds)(n(a1)n(az)) B N
_ ds(n(yr)) U ds(n(zk))

- n { < ’ < ’ }
nantoat B nmnta)= 55 a0+ Uds (n(yk)) U s (n(z1))
= 1

s (( 22 n(yr)n(zr)))
g N _ kil
n(al)n(a2)+k§1n(yk)n(Zk)+n(b1)=k§21n(y,’c/)?7(2;/)+n(51) Uds (( 22 n(yw)n(zi)))
= = k=1
c ) N {8s(n(a)) UBs(n(a=)) |
n(a1)n(a2+k§1n<yk)n(2k)+n(b1):klgln(y;,)n(z;/)+n(b1)
= ds(n(a1)) U ds (n(az)).
Thus, (B-Sh1) and (B-Shz) holds.
Therefore, B € BSTH(RU S). O

5 BSI-h-ideals

In this section, we initiated BSI-h-ideals and presented some related properties.

5.1 Definition

A BS-set B = (g, ds) over U is called a bipolar soft intersectional left(resp. right) h-ideal (briefly,
BSI-left(resp. right) h-ideal) in union of two isomorphic hemi-rings R and S over U if it holds
(B-Shq),(B-Shg), and

_ (B-She) Ar(zy) 2 Fr(Y), 0s(n(z)n(y)) C ds(n(y)) (resp. Fr(zy) 2 Fr(x), ds(n(z)n(y)) <
0s(n(x)) for all z,y € R.

A BS-set over U is called a BSI-h-ideal of S U R if it is both a BSI-left h-ideal and a BSI-right
h-ideal of S U R.

In rest of paper, set of all BSI-h-ideals (resp. BSI-left h-ideals, BSI-right h-ideal) of RU S over
U is denoted by BSIhI(RUS) (BSILRI(RUS), BSIRhRI(RUS)).

5.2 Example

Let U = S3 symmetric-group, be a Universe. Let R = {Og, ar, br, cr,dr} be a hemi-ring with zero
?.” and 7+ defined as follows

+ | Or | ar | br | cr | dr
OR OR aRr bR CR dR

ar | ar | ar | dr | dr | dr
bR bR dR dR dR dR
¢cr | ¢cr | dr | dr | dr | dr
dr | dr | dr | dr | dr | dr

Also let R ={0g,1s,25,3s,45} be a hemi-ring with zero ”.” and ”@®” defined as follows

11
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@® | 0s | 1s | 25 | 35 | 45
Os | Os | 1s | 25 | 3s | 4s
ls | 1s | 1s | 45 | 45 | 4s
25 | 25 | 4s | 45 | 45 | 4s
3s | 3s | 4s | 4s | 4s | 4s
4s | 4s | 4s | 4s | 45 | 4s

Then E = RUS and clearly RN S = (. We describe a BS-set B = (Jr, 0s) over U and there is an
isomorphism 7 : R — S such that n(Or) = 0s,n(ar) = 1s,n(br) = 25,n(cr) = 3s5,n(dr) = 4s. We
have following table

Or aRr bR CR dR
Vr(z) Ss | {(12),(132)} | {(12),(132),(123)} | {(12),(132),(123)} | {(12),(132), (123)}
dr(n(z)) | 0 | {(13)} {(13), (23)} {(13),(23)} {(13), (23)}

Then B = (Jr,ds) € BSIRI(RU S).

5.3 Proposition

If B = (WR,gs) € BSIhI(RU S), then Yr(0r) 2 Yr(zr) and gs(ﬁ(OR)) - SS(U(J;R)) VOr, R €
R,n(0r),n(zr) € S.

5.4 Proposition

Two non-empty subsets L of R and M of S are h-ideals (resp. interior h-ideals) of R and S
respectively if and only if BS-set B = (Yr,0s) of RU S over U is defined by

~ o if x € R/L

Vr (z) =

/

o if xzel
~ [ B if n(z)eM
%5 (n(@)) = { 8 i n(z) e S/M
is a BSI-h-ideal (resp. BSII-h-ideal) of RUS over U, with o,a’, 8,8 CU and a C o', 3 C 3.

Proof. It is analogous to proof of Prop. 4.4. O

5.5 Corollary

Let @ # Ly and () # L2 be two subset of F such that L1 C R, L2 C S. Then Ly and L2 are h-ideals
of R and S respectively if and only if Xr,ur, € BSThI(S U R).

5.6 Theorem
If B= (73755) €€ BSIhRI(SUR) and & € I,,(¥) and E € Im(g), then its (Ei, g)—inclusion E(Qa 7)
is a BhS-ideal of RU S over U.

Proof. It is analogous to proof of Theorem 4.8. ]

5.7 Proposition

If B = (g, ds) is a BS-set of RU S over U, and (&, E) -inclusion is a BhS-h-ideal of RU S for each
&, C U and BI,,(B) is an bipolar set by bipolar inclusion. Then B = (Jg,ds) € BSIRH(RU S).

Proof. It is analogous to proof of Prop. 4.9. O

12
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5.8 Theorem

Let B = (Yr,0s) be a BS-set of RU S, then B € BSIhI(RU S) iff it holds (B-Shs), (B-Sha)and
(B-Sh7) Ur on r C g, Ds on 65 C b5 (7}% ®n Ur E Ar,ds ®n 0s C 55) .

Proof. Let B = (r,8s) € BSILRI(RUS). 1t (Uron7r) (a) = Br and (Bs on 35 ) (n(a)) = Us
for a € R,n(a) € S, then ([73 on WR) (a) € Fr(a), (ﬁs on gs) (n(a)) D s (1 (a)). Therefore,

~ ~ ~ ~ m n m
UronYr C AR, 0sonds C ds. Otherwise, let a+ > yr2zi+b = > yis 25 +band n(a)+ > n(yx)n(zk)+
k=1 B=1 k=1

n(b) = > n(ye)n(zp) +n0(b) Va, zx, 20, yr, yis, b € R and n(a), n(zk), n(z), n(b), n(yx), n(yy) € S.

k'=1
So that,
(Ur o1 Fr)(a)

= u {Ur(yr) N Ur(2k) NAR(Yir) 0 AR (24)}
a+k21ym+b: > Yzt
= k=1

m n
c u R yrzr) NAR( Y Y zi)}
a+ 3 ypzp+b= 3 yl’c,z;c,-l»b k=1 k=1
k=1 k/=1
S a v, {Yr(a)}
at 3 yrzptb= 3 vy, 2, +b
k=1 k/=1
== (@),
(0s on és)(n(a))
_ . { 0s (n(yi)) U Bs ((z4)) }
m n / /
LONSRIUSLCRERIOES SRIRUERERID Vo (n(yi)) U 0s (n(zk:))
c= /=1
s (( X n(yk)n(zr)))
2 N _ kil
n@+ & nwntno= 3 nwy om0 | s > (W )n(z)))
= /=1 k'=1
> n o, {Bs(ntan}
n(a)+k21n(yk)n(Zk>+n(b):kZ n(yy,In(zy,)+n(b)
b3 >,
= ds(n(a)).

Therefore, ﬁR on Yr C AR, ’(55 Sh gs C gg. Likewise, we can obtain Yr ®p, ﬁR C g, gs Dhn 65 CJs.
Hence (B-Sh7) holds.

Conversely, suppose (B-Shs),(B-Shas) and (B-Shrz) hold.

m n

Let xa + Y ykzk +b = 3 yp 2 + b and n(za) + kZ n(yr)n(zk) +n(b) = 32 n(ye)n(z) + n(b)
k=1 k'=1 =1 k'=1

VT, a, 2k, 2 s Yk Ypr» 0 € R
and n(z), n(a),n(zx), 124 ), n(b), n(yk), n(yks) € S.
So that,
Yr(a1az)
D (Ur on Ar)(a1az)

13
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LU {Ur(yr) N Ur(21) VAR (Yi) 0 AR (24)}
a1a2+k21ykzk+b:k2 LNEIE
= —1

2 Ur(a1) Nr(a2),
=7r(a2),
ds(n(ai)n(az))

€ (0s on ds)(n(a1)n(az))

" { Bs (n(ys)) U Bs (n(z4)) }

k
m n N / /
nanntaz)+ E n)ne )= 5 a0, +(b) Uds (n(yx)) U ds (1(25))
= k=1 d

C 0s(n(ar)) Uds(n(az))
= ds(n(az)).

In the same manner, we can obtain Jg(a1az) D Fr(a1), 6s(n(a1)n(az)) C ds(n(az)).

Thus, (B-She) holds. Hence B € BSIRI(RU S). O
5.9 Proposition
If B = (Yr,0s) and B* = (},05) € BSIhI(RU S), then BAB* € BSIThI(RU S).

Proof. Assume B = (g, gs) and B* = &, gfg) be two BSI-left h-ideals of RUS. Then for a,b € R
with n(a),n(b) € S

—

i) (a +b)

IWR(OH') WR(a‘f‘b)
27R(0) 05 ()07 (@) 75 0
i(%pm)( a) N (7 RMR)
5u07) (1(a) +n(8))

= 3 (n(a) + (b)) U 35 (n(a) + (b))
C 8 (n(a)) U 6k (n(5)) U 35 (n(a)) U 35 (n(5))
= (3rM7 ) (n(a)) U (85707 ) (n(0)

Now for z € R, b € R with n(z),n(

(5 7) (xb)

= Jr (ab) N7, (ab)

2 (b) N7 (b)

— (ri) ()

(3107 (n(a)n(®))

= 3r (n(a)n(v)) U (n(an(®))

C 85 (n(b)) U o7 (1 (1))

= (8x73%) (n(®))

Let ¢,,d, = € B, n(c), n(x), n(d),n(z) € S with z-+c+2z = d+ 2z and n(x) +n(c) +1(2) = n(d) +n(2).
Then

Vs

)
b) €

(YrMR) (=)

=g () N R (2)

29r(c)N WR(d)ﬂ%}(C)ﬂ"ﬁz(d)
= (FrM%) (¢) N (FrRMR) (d)

14
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Hence BN B* € BSILhI(RUS). In the like manner, we can obtain BN B* € BSIRhI(RUS). [

5.10 Definition

Let B = ﬁR,gs) and B* = (V5, (5~§) be two BS-set of RU S over U. Then the cartesian product B
and B* is defined by

(B x B*)(x) = ((Gr x 73) (), (65 x 65)(n(x))),

where (Frx77)(a, b) = Fr(a) 75 (b), (55 x8%) (1(a), n(b)) = ds(1(a))Uds (1(b)) ¥ a,b € R, n(a),n(b) €
S.

5.11 Theorem

Let B = (5317551) and B* = (732,552) be two BSI-h-ideals of Ry U S1 and R2 U Sa respectively
and B1 NS1 = RoNSe = () with isomorphic mappings 7 : R1 — S1 and ' : Ry — S> . Then
B x B* is a BSI-ideal of (R1 X R2) U (S1 x S2) over U.

Proof. Let B = (r,,0s,) € BSILhI(R; U S;) and B* = (ﬁ}%z,g@) € BSILhI(R2 U S3). Suppose
(a17b1)7 (a’27b2) € Ry x RQ? with (77(‘11)777/(171))7 (77(“2)777l(b2)) € S1 x Sz. Then

(YR, X VRy)((a1,b1) + (az,b2))

= (YR, X Vry)(a1 + az, b1 + b2)

YRy (a1 + az2) Nk, (b1 + b2)

YRy (@1) N AR, (a2) Nk, (b1) N AR, (b2)

(Yr1 X YRy )(a1,61)) N ((Try X TRy )(a2,b2)),
s X 552)((77( 1),7'(b1)) + (n(az), ' (b2)))
(351 X 85,)(n (a1) +n(az), ' (b1) +1'(b2))
b5, (n(ar )+77~(a2))U5sz( n'(b1) + ' (b2))
ds1 (n(a1)) U 03, (n'(b1)) U ds, (n n(az)) U oz, (n'(b2))

= ((8s, x 05,)(n(ar),n'(b1))) U ((3s, x 85,)(n(az),n(b2))).

Since B = (3r,,0s,) € BSILhI(R, U S1) and B* = (F5,,05,) € BSILhI(R2 U S2).

[T

o

Nl

So that

(Yr: X Vky)((a1,b1)(az,b2))
= (Yry X V&, )(a1a2,b1b2)
=R, (a1a2) N Yk, (b1b2)

2 YR, (a2) N Ak, (b2)

= ((7121 X Yk, )(az,b2))
551 X5sz)(( (a1),n"(b1))(
(531 x 8%,)(n(a)n )(az),n' (br)

= 85, (n(a1)n(az)) U 85, (' (b1)n' (bz))

/\

15
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C b5, (n(az)) U 0%, (' (b2))
= ((8s, x 35,)(n(az),n' (b2)))

Now consider (z,y) + (a1,b1) + (21, 22) = (az,b2) + (z1, z2) with

(§R1 X ?Ez)(x7y)

=R () N YR, (¥)

2 (Vg (a1) N YR, (01)) N (TR, (a2) AR, (b2))

= ((Fr1 X TRy )(a1,01)) N (TR, X Vry)(a2,b2))

and (n(x),n(y)) + (n(a1),n(br)) + (n(z1),1(x2)) = (n(az),n(b2)) + (n(x1), n(22))
(051 % 03,)(n(=), 7' (v))

= 05, (n(2)) U 85, (n' () N -

€ (B, (1)) U 83, (1)) U (s, (m(a2)) U, (o (b2))

= ((0s, % 05,)(n(ar),n'(b1))) U (05, x 05,)(n(az),n’ (b2)))

Hence B x B* is a BSI-h-ideal of (R1 X R2) U (S1 X S2). O

5.12 Theorem

Let B = (g, 6s),B* = (7g,05) € BSIhI(RUS). Then B x B* is an BSI-h-ideal of (Rx R)U(S x S)
over U.

Proof. 1t is analogous to proof of Theorem 5.11 O

5.13 Proposition
If B = (Jr,0s), B* = (F%,05) € BSIhI(RUS), then Bo B* € BSIhI(RU S).

Proof. Assume B = (Jg,ds) and B* = (Ji,05) be two BSI-left h-ideal of RU S and a,b €
R,T](a)ﬂ'](b) € S Then

(1) (Yro7R) (@) N (TR ©FR) ()

_ U { Yr(yr) NYR( Zk }
a+ % Ypzpte= i Yz te Mk (yk/ m’}/R Zk/
k=1 k/=1
A U Yr(sk) NYr(tk)
m ! MYr(8k) NYr(t))
b+ > sptpt+d= > 8!, t!,+d
k=1 /=1 Kk

Yr(yK) N Yr(2k)
Mr(Y) NTr(21)
MYr(sk) NYr(tk)
MR (sk) NAR(t))

m n, ;L m! n’!
at X yrzete= X v 5 tC b 3 sptptd= 3 st th,+d
k=1 k'=1 k=1 k=1

Yr(ex) NYr(fr)
C ) U, { Mr(ew) NYR(f7) }

atbt X epfrtetd= 30 e, fi,+etd
k=1 k/=1 Kk

p = max{m,m'} and ¢ = max{n,n’}

exfk = Yrzk + Sktk, € fry = Ypr Zhy + Sprts
= (Yro7r) (a+0)

(55035 (r(a)) U (35 ©3%) (1(0)
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bt X nsgntytnd= 3 nsimty, +nd
= k=1

2

c

n@)+ 3 nwon tn(e= 3 nwj, () +nle)
o= k=1

n

’

m
77b+k21"13k77tk+7]d=

n

’ ’

n(a) +n(b) + éln(ek)n(fk)
Y]

) { Fs(n(ye)) Uds(n(z0)) }
@] S K/

Uds (1(si.)) U s (n(t

{ ds(n(sk)) Uds(n(te)) }
)

n/
> msjnty, +nd
k=1

N

n@)+ X n () (@)= 3 nwj () +n(e)
= k=1

55 (n(yx)) U ds (n(zx))
Uds(n(yr)) U ds(n(z))
s (n(sk)) U ds (n(tx))
Us (n(sh)) U 3s (n(th))
i 5s(n(ex)) U ds(n(fr) }
Uds (n(eh)) U 3s(n(fi))

() +n(d) = S n(eln(H) + n(e) + ()
p = max{m,m’} and ¢ = max{n,n’}
(enfr) = nlyzi) +n(swte) n(er fir) = 1y zir) + 1(sirti)
= (35 035) (n(a) +n(®))
(Yr ©7%) (a)

U

m n
at 3 yrzpte= X
k=1 K=

U

m
ab+ 3 yg (zb)+cb=
k=1 k

= (Fr ©7k) (ab)
(6s o 65) (n(a))

Iy

7 ’
Viohote

{ Yr(yk) N YR (2k) }

Mr(Yr) N AR (2))

; {¥r(yx) N AR (2kD) N TR (Y ) N TR (2 0)}
Ely;, (z;c,b)-ﬂ—cb

i { 85 (n(yr)) U35 (n(z) }
(@) + én(yk)ﬂ(zw (o) Wds (n(yyr)) U ds(n(zir))
SN VOUCHRRIC
o { G )
n(a)n(b) + k;n(yk) (n(2xb)) + n(cb)
= S nfui) (a(=4) + i)
(35 ©3%) (@)

In the like manner, for ¢,z,d,z € R,n(c),n(z),n(d),n(z) € S with z +c+ z = d + z and
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n(x) +n(c) +n(z) = n(d) +n(z). Then,

(5 77) (@) N (G 0 75) (b) © (a0 7 (a+b),
(35 035) (n(@)) U (35 85 ) (n(6)) 2 (85 © 85 (1(a) +n(v)) -

Then Bo B* € BSILhI(RU S). Likewise, we can obtain Bo B* € BSIRRI(RU S). O

6 h-Hemi-Regular Hemi-Rings

In this section, we discussed some characterizations of h-hemi-regular hemi-rings by bipolar soft
int. h-ideals.

6.1 Definition[31]

A hemi-ring S is called h-hemi-regular if for each a € S, there exist x1 ,z2 , b € S such that
a -+ azxia+b=axrsa+b.

6.2 Lemma|31]

For any right h-ideal L; and any left h-ideal Ly of S, then L1 N Ly O Ly L.

6.3 Lemma|31]

For any right h-ideal Li and any left h-ideal Ly of S, we have L1 N Lo = L1 Lo if and only if S is
hemi-regular hemi-ring.

6.4 Lemma

Let B = (g, ds) be a BSI-left h-ideal and B* = (3%, 06%) be a BSI-right h-ideal of RU S over U,
then Jr 075 C JrM75 and ds ¢ 55 C 65U85.

Proof. Assume Y 075 = @R and gs oﬁgiﬁs, then clearly Yr ¢ ¥ C YrMN7 5 and gs <>5~§ C 5505;
Otherwise, for a,b € R n(a),n(b) € S
(Yr ©7R) (a)
. ! { Tt
Mr(Yr) N TR (21)

m n
at+ 3 ypzpte= X vy, 2, te
k=1 k=1

Fr( X yrzr) NAR( Y Ypr2ir)
g U k:'n}, k’:nl
at 5 ypzte= 3wl 2,4 | PARCYE yizk) NAR( D Yhzir)
k=1 k/=1 k=1 k=1
c U {Fr(a) NFk(a)}
at 3 ykzpte= 3 vy, 2, te
k=1 k=1
= (FrNAR) (a)
(6s o 65) (n(a))
_ ds(n(yx)) U d5(n(zk))
s . UBs(1(yj)) U 85(n(z4))
M@+ 0N tN(O= 5 )]0 SURYkr sUN k!
= k=1
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Bs(n( > yrr)) UdE(n( 32 vhrzie)

D) n k=1 k'=1
- m N - T N
)+ 2; n(yr)n(zk) + 1(c) Ués(n(k;ykz;c)) U 5S(n(k§1yk/zk/))
= 2 n(yr)n(zi) + n(c)
k=1
> no {3s(na) U Ts(n(a) }
n(a)+X n(yr)n(zk)+n(e)=> n(y; ,)n(z;,)+n(c)
k=1 k=1
= (35 Uds) (n(@))
Hence g ¢ 55 C JrM7g and 65 o 65 C 65065, O

6.5 Theorem

Following conditions are equivalent, for any two hemi-rings R and S with RNS =0:

(i) Both R and S are hemi-regular
(i) 7 YROVR = 'yRﬂ'yR and 65005 = 05005 for any BSI-left h-ideal B = (YR, 0s) and BSI-right
h-ideal B* = ('yR,(SS) of RU S over U.

Proof. (i)=>(ii) Let R and S be two hemi-regular hemi-ring and B = (Y, ds) be a BSI-left h-ideal
and B* = (Y5,05) be a BSI-right h-ideal of RU S over U. There exist a € R,n(a) € S, for z1 ,x2 ,
b e R,n(x1) ,n(z2) , n(b) € S such that a + ax1a + b = ax2a + b and n(a) + n(a)n(zi)n(a) +n(b) =
n(a)n(z2)n(a) + n(b). Then

(Yr ¢ 7R) (@)
U Yr(yr) N5 (2k)
m n MR (Y ) N AR (Z4r)
at £ vksrte= 3 vzt

2 Ar(ayk) N Vi (ayy) NAr(a) NVr(a)
2 (&) (a) N (Vr) (a)

(77N 72) (a)

55085 ) (n(a)

|

. { 85 (n(yr)) U B (n(=1)) }

m " ’ T ’
n(@)+ Bt 0= 5l n(),) () Uds (n(yk)) U 05 (n(z11))
— k=1

€ ds(n(a)n(u)) U35 (n(a)n(zx)) U ds (n(a)) U 35 (n(a))
€ 3s (n(a)) U 35 (n(a)
= (3 U53) (n(@)

Hence Jr ¢ 3 2 YrM7 5 and s o 05 3 05085,

Also from Lemma 6.4 Yr ¢ V5 C FrMYy and S5s ¢ 55 C 55U65 Therefore, Fr ¢ 75 = Fr(Yj and
53 < 55 = 63U5S

(1i)=>(i) Let L1 and L2 be right h-ideal and left h-ideals of R respectively and M; and M> be
right h-ideal and left h-ideal of S respectively. Then by the Proposition 5.5, X, =, is right BSI-
h-ideal of E = RUS and Xr,=, is left BSI-h-ideal of E = RUS over U. By Lemma 6.2, we obtain
LiNLy O L1Ly and MiNM2 O M1 Ms. Let a € LiNLs and n(a) € MiNMa, then &, (a) = &1, (a) =

ﬁR, ;{]\/[1 (a) = %MQ(CL) = ,(55 and so (&Ll OQLz)(a) = (&Llﬁ&L2) (a) = ﬁR, (gjul 05]\42) (a) =

19



Hayat and Mahmood; BJMCS, 13(2), 1-21, 2016; Article no.BJMCS.22028

(SMl Gg}k\b) (a) = 65. Now, for a,z1 ,x2 , b € R and n(a),n(x1) ,n(z2) , n(b) € S we have a+z122+
b= y1y2 + b and n(a) + n(z1)n(z2) +1(b) = n(y1)n(y2) + n(b). This implies, wr, (x1) = wr, (v2) =
WLy (Y1) = Wry(y2) = Ur, 5o, (0(21)) = Zan, (n(@2)) = 3, (0(y1)) = 32a,(0(y2)) = 0s.Thus,
z1,22 € L1, y1,y2 € L2 and n(z1),n(z2) € Mi,n(y1),n(y2) € Ma. Therefore, Ly N Ly C LiLo,
My N Ms C MyMs,and so L1 N Lo = LyiLo, M1 N Ms = My M,. By Lemma 6.3, both R nad S are
h-hemi-regular. Hence condition (%) holds. O

7 Conclusions

In this paper, we investigated BSI-h-hemi-rings and B.SI-h-ideals in the union of two isomorphic
hemi-rings. The notion of BS-set will evolve a foundation to handle the problems in other algebraic
structures and especially in two different algebraic structures. Therefore, this paper gives an idea for
the beginning of a new study for approximations of data with uncertainties. This concept provides
a new soft algebraic tool in many uncertainties problems. In future, we will apply BS-set (i) in
probability via BS-falling ideals of hemi-rings (ii) in soft topological vector spaces (iii) in decision
making problems (iv) in different algebraic structures.
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