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ABSTRACT

In this paper, closed forms of the sum formulas >°7_ kz"W7 and -7 _, ka*W?2, for the squares
of generalized Fibonacci numbers are presented. As special cases, we give sum formulas of
Fibonacci, Lucas, Pell, Pell-Lucas, Jacobsthal, Jacobsthal-Lucas numbers. We present the proofs
to indicate how these formulas, in general, were discovered. Of course, all the listed formulas may
be proved by induction, but that method of proof gives no clue about their discovery. Our work
generalize second order recurrence relations.
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1 INTRODUCTION

The sequence of Fibonacci numbers {F,} is
defined by

Fn: n71+Fn727n227 F0:07F1:1~
The generalization of Fibonacci sequence leads
to several nice and interesting sequences.
Horadam [1] defined a generalization of
Fibonacci sequence, that is, he defined
a second-order linear recurrence sequence
{Wn(Wo, Wh;r,s)}, or simply {W,}, as follows:

n=1Wp_1+sWy_2; Wop=c, Wi =d, (n2>2) (1.1)

where Wy, W, are arbitrary complex numbers
and r, s are real numbers, see also Horadam [2],

[3] and [4]. Now these generalized Fibonacci
numbers {W,(a, b;r, s)} are also called Horadam
numbers. The sequence {W,}.>o can be
extended to negative subscripts by defining

r

1
W_n, = —*W,(nfl) + 7W7(n72)
S S

for n = 1,2,3,... when s # 0. Therefore,
recurrence (1.1) holds for all integer n.

For some specific values of c¢,d,» and s, it
is worth presenting these special Horadam
numbers in a table as a specific name. In
literature, for example, the following names and
notations (see Table 1) are used for the special
cases of r, s and initial values.

Table 1. A few special case of generalized Fibonacci sequences

Name of sequence Notation: W, (¢, d;r, s) OEIS: [5]
Fibonacci F, = Wx(0,1;1,1) A000045
Lucas L, =W,(2,1;1,1) A000032

Pell P, =W,(0,1;2,1) A000129
Pell-Lucas Qn =Wn(2,2;2,1) A002203
Jacobsthal Jn =Wy (0,1;1,2) A001045
Jacobsthal-Lucas Jgn = Wa(2,1;1,2) A014551

The evaluation of sums of powers of these sequences is a challenging issue. Two pretty examples

are

n

> k(-1)*FE = 2%((—1)" (5n*4+10n—31)F2 o+(=5n>+5n+41)F2 1 — (50> 4+15n—26) F,, 12 F}, 1) —36)

k=0

n

1
> k(-1)*PZ, = 5

k=1

(=)™ (—4n>+427) P2, 11 +(4n°+24n—23) P2, +(8n> —8n—54) P_ 11 P, ) —27).

In this work, we derive expressions for sums of second powers of generalized Fibonacci numbers.
We present some works on sum formulas of powers of the numbers in the following Table 2.

Table 2. A few special study on sum formulas of second, third and arbitrary powers

Name of sequence

sums of second powers

sums of third powers  sums of powers

Generalized Fibonacci
Generalized Tribonacci
Generalized Tetranacci

[6,7,8,9,10,11,12]
[23,24,25]
[26,27,28]

[13,14,15,16,17,18,19] [20,21,22]

The following theorem presents some summing formulas of generalized Fibonacci numbers with

positive subscripts.

Theorem 1.1. Letx be a complex number. If (sz + 1) (r’z — sx® + 2sz — 1) # 0 then
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@ )
A
Eyrr2 1
Wi = .
kz::ox T (sz+1) (r2m — $222 + 257 — 1)
where
A = (=(sz—1)a" W2, — (rPz+ sz +risa® — )" Wi,
+2rsx"+3Wn+2Wn+1 +x(sz—1) W12 + (r2m + sz 4+ risz? — 1)W02 — 2rsx2W1WO).
(b)
- A
k 2
Wi Wi = .
kzzom Tk (sx 4+ 1) (r2z — s2z2 4+ 2sx — 1)
where
Ay = (ra"TPWii, +rsfa"PWE L — (FPr 4 572 — 1D)a" T W o Wi

—raWi — 7“521:2WO2 + (rzx + 8222 - W1 Wo).

Proof. This is given in [12].

The following theorem presents some summing formulas of generalized Fibonacci numbers with
negative subscripts.

Theorem 1.2. Let x be a complex number. If (s + x) (rz + 2sx — s* — 2?) # 0 then

(a)

Zn:kaQ _ Aj
— T (s + ) (rPx + 25w — 52 — 22)
where
Ay = gt (s —x) WEnH + m"+1(7’23 iy 4 osw— xQ)WEn — 2rsz" M W_ AW,
+ax(x — )Wi + a(—r’s — r’x — sz + 2°)W§ + 2rss Wi Wo.
(b)
- A
k 4
W_raW_p =
; v MR (s+x) (r2z + 2sx — s2 — x2)
where
Ay, = (—rx"HWEn_H —rsfz" W2, + x"+1(r2x +s2— xZ)W,nHW,n

+ra® Wi 4 rs’aW§ — z(r’c 4+ s° — 2> )WiWo).

Proof. This is given in [12].

2 AN APPLICATION OF THE SUM OF THE SQUARES OF THE
NUMBERS

An application of the sum of the squares of the numbers is circulant matrix. Circulant matrices have

been extensively used in many scientific areas such as image processing, coding theory and signal
processing, numerical analysis, optimization, mathematical statistics and modern technology.

Computations of the Frobenius norm, spectral norm, maximum column length norm and maximum
row length norm of circulant (r-circulant, geometric circulant, semicirculant) matrices with the
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generalized m-step Fibonacci sequences require the sum of the squares of the numbers of the
sequences. For generalized m-step Fibonacci sequences see for example Soykan [29]. If m =
2,m = 3 and m = 4, we get the generalized Fibonacci sequence, generalized Tribonacci sequence
and generalized Tetranacci sequence, respectively. Next, we recall some information on circulant (r-
circulant, geometric circulant) matrices and Frobenius norm, spectral norm, maximum column length
norm and maximum row length norm.

Letn > 2 be an integer and r be any real or complex number. An n xn matrix C,. is called a r-circulant
matrix if it of the form

Co C1 C2 e Cn—2 Cn—1
TCn—-1 Co C1 et Cn—3 Cn—2
C’ — TCn—2 TCn—1 Co e Cn—4 Cn—3
=
rci rC2 rc3 s TCn—1 Co

nxn

and the r-circulant matrix C,. is denoted by C, = Cire,(co,ca,...,cn—1). If r = 1 then 1-circulant
matrix is called as circulant matrix and denoted by C = Clirc(co, c1, ...y Cn—1).

Circulant matrix was first proposed by Davis in [30]. This matrix has many interesting properties, and
it is one of the most important research subject in the field of the computational and pure mathematics
(see for example references given in Table 3). For instance, Shen and Cen [31] studied on the norms
of r-circulant matrices with Fibonacci and Lucas numbers. Then, later Kizilates and Tuglu [32] defined
a new geometric circulant matrix as follows:

Co C1 C2 ce Cn—2 Cn—1
rCn—1 Co C1 o Cn—3 Cn—2
2
Cr* — T Cn—2 TCn—1 Co e Cn—4 Cn—3
e 2 " 3es o0 ren1 co

nxn

and then they obtained the bounds for the spectral norms of geometric circulant matrices with the
generalized Fibonacci numbers and Lucas numbers. When the parameter satisfies » = 1, we get the
classical circulant matrix. See also Polatli [33] for the spectral norms of r-circulant matrices with a
type of Catalan triangle numbers.

The Frobenius (or Euclidean) norm and spectral norm of a matrix A = (aij)mxn € Mmxn(C) are
defined respectively as follows:

m n 1/2 1/2
411 = (ZZ s ) and 1Al = (max, 1)

i=1 j=1

where \; ’s are the eigenvalues of the matrix A*A and A* is the conjugate of transpose of the matrix
A . The maximum column length norm ¢; (.) and the maximum row length norm r(.) of an matrix of
order n x n are defined as follows:

o=, (Sl o= (L)
1= _]:
Note that the following inequality holds for any matrix A = M, x»(C):
1

Tn [Allp < [IAll, < [[Allf -
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Calculations of the above norms ||A|| ., ||A|l, , c1(A) and r1(A) require the sum of the squares of the
numbers a;;. As in our case, the numbers a;; can be chosen as elements of second, third or higher
order linear recurrence sequences.

In the following Table 3, we present a few special study on the Frobenius norm, spectral norm,
maximum column length norm and maximum row length norm of circulant (r-circulant, geometric
circulant, semicirculant) matrices with the generalized m-step Fibonacci sequences which require
sum formulas of second powers of numbers in m-step Fibonacci sequences (m = 2, 3, 4).

Table 3. Papers on the norms

Name of sequence Papers
second order| second order|
Fibonacci, Lucas [34,32,35,36,37,38,39,31,40,41,42,43]
Pell, Pell-Lucas [44,45]
Jacobsthal, Jacobsthal-Lucas [46,47,48,49]
third order| third order|
Tribonacci, Tribonacci-Lucas [50,51]
Padovan, Perrin [52,53,54]
fourth order| fourth order|
Tetranacci, Tetranacci-Lucas [55]

3 SUMMING FORMULAS OF GENERALIZED FIBONACCI NUM-
BERS WITH POSITIVE SUBSCRIPTS

The following theorem presents some summing formulas of generalized Fibonacci numbers with
positive subscripts.

Theorem 3.1. Letx be a complex number. Forn > 0 we have the following formulas:

If (sz +1) (r*z — s*z® + 2sz — 1) # 0 then

(a)
n
Z o 2y
kx Wk -
Pt (sz 4+ 1)2(r2x — 222 + 2sx — 1)
where
Q1 = x"+2(ns4w4 — 25223 — 2?5228 — 2ns®a® — 25222 — 202522 + nrla + 2nsx + 4sx + rz —n— 2)W,,2LJr2
+1n+1(nr2s4.,5 — 5424 - 2'r253m4 - nr432m4 - r4s2m4 + ns4m4 =+ 2533:3 - 3nr232m3 - 2nr4sm3
7277,5313 — 27‘4513 — 2'1‘2\92:03 — n'r4z2 — 'r4z2 — 25212 + 2nsx + 2nr2z + 2'r21 +2sz —n — 1)Wﬁ+1
+2rsa:n+3(7n5313 —+ 529:2 —+ n523:2 —+ 'r25172 —+ nr2512 + 2sx + n'rzcc + nsx + 27‘21 —n — 3)W”+2Wn+1
+z(s4z4 — 25343 + 25252 + 2r2s22 — 25z + 1)W12 + 52z2(7‘25213 + 2r2 512 + 25202 — 25 — 4sz 4+ 2)W02
727'.51:2(5313 + 2z + sz — 2)W1 Wy.
(b)
n
Z k Qo
kx Wk+1Wk =
— (sz 4+ 1)2(r2z — s2z2 4 2sx — 1)2
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where

Qo = (rw"+2(—nssx3 + 33 + ns2a? + nrlse? + sz + nriz + nsx + rx—n— 2)W12L+2
+r321n+3(—ns313 + 32272 + nszz2 + 'r2szz + n7‘2szz + 2sx + n'rzz + nsx + 2'r2z —-n — 3)W72lJrl

71n+1(7n5515 + 5414 —+ ns4z4 —+ 2r25314 + 27‘2s2z3 —+ 277,5313 —+ 277.7‘23213 + nr4sza —+ n'r412

7277,5212 —+ 2r2sz2 + r4a:2 — 25212 — nsr — 2n'r2z — 27‘2z +n+ 1>Wn+lwn+2

+7‘z(725313 + 8222 + r2sz? + 1)W12 — 7'5212(5313 + 2z + s — 2)W§

+5m(54z4 + 2125243 — rtz? — 25222 + 2r?g + 1)WoWy).

Proof. Using the recurrence relation

Wn+2 = TWn«l»l + SWn

ie.
SWTL = Wn+2 - TWn+1,
SZWZ = (Wn+2 - TWn+1)2 = W5+2 + T'QWT?_H — 2rWi a2 Wit
we obtain
2 n 2 n 2 2 n 2 n
s‘nx" Wy, = nax"Wiio+nriz "Wy —2r x ne" Wy paWhp
Sn—1z""'Wi, = (m—-1Da""'Wi,+ - TWE —2r x (n— 12" ' Wa W,
s2(n—2)z" Wiy, = (n—2)z" Wi+ (n—2)r°z" *Wi_, —2r x (n—2)z" W, Wp_1
$°32°W3 = 32°WE + 372 Wi — 2r x 32 W5 Wy
$220° W5 = 20°Wi 4 2072 W3 — 2r x 22" WaWs
823:1W12 = a:1W32 + r2w1W22 —2r x ' W3Wa
P x0xa®Wy = 0xa®Wi+0xr2a" W —2r x 0 x 2°WaWy

If we add the above equations by side by, we get

n n+2 n+1 n+1
$2Y kW =) (k=202 W 407> (k= D)2t T WE =20 > (k= D)t Wi Wi (3.1)
k=0 k=2 k=1 k=1
Note that
n+2
Z(k —2)"PWE = 22 TPWi T T WE H (n— D" Wi +na" Wi,
k=2
+x72(z ka* W2 —2 ZkaE),
k=0 k=0
n+1 n n
Z(k— 1)xk71W,€2 = 7 'W¢ —i—nx"W,?_H —|—x71(2 ka* W2 —ZkakZ),
k=1 k=0 k=0
n+1 n n
S (k=12 Wi W = a7 WaWo + na" W o Waga + 27 (O k" Wi Wi — > 2" Wi Wi).
k=1 k=0 k=0
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If we put them into the (3.1) we get

2 kWP = na"Wio+ ((n— 12"t 4t na ) Wi — 2rma” W s W + 27 WP (3.2)
k=0
+2z 2 + 2 YWE — 2ra T ' WAWo + (22 Pz Z kx* W}
k=0

+(—2272 — 2z Z " WE —2rz™! Z k" Wi Wi + 2rz™! Z Wi Wy,
k=0

k=0 k=0 =
Next we calculate 3"} _, k" W41 Wi. Using the recurrence relation
Wn+2 = TWn+1 + sW, = sW,, = Wn+2 - TWn+1

ie.
SWn = Wn+2 - TWn+1
and multiplying the both side of the last relations by W,,.1 we obtain

2
SWn+1 Wn - Wn+2Wn+l - TWnJ,-l

and so

snT" WptiWn = na"WpiaWai1 — 7 X n:c”Wf_H
s(n— 1)x”71Wan_1 = (n-— 1)x"71Wn+1Wn —rx(n— 1)xn71W3
s(n—2)Wal W, o = (n—2)a" *WoW,_1 —r(n—2)z" W3,

s X 3P WuWs = 32°WsWy — 7 x 32° W

s X 2P WaWe = 2&°WuaWs —r x 22° W3

sx1W2W1 = x1W3W2 — rcc1W22
s><0><;vOW1Wo = OX$0W2W1—7‘><0><$0W12

If we add the above equations by side by, we get

n n+1 n+1
§ kWi Wi = (k= D)2 Wi Wi — Y (k= 12" "W (3.3)
k=0 k=1 k=1
Note that
n+1

n n
k—1 —1 -1 k -1 k
ST k—1)= Wit1 Wi T Wi W 4+ na" Wi o Whpr +27 0 > kat W Wy —a Tt > s W Wy,
k=1 k=0 k=0
n+1
k—1 2
STk — 1) Tt wg
k=1

n n
171Wg +nan72L+1 +a27 1 Z kszkz — gt Z zkw,f
k=0 k=0

If we put them in (3.3) we obtain

n n
s Z ksz]H,ka = 77‘n1"W3+1 + nann_*_QWn_*_l - r:vile + 171W1W0 + z71 Z ksz;H,ka (3.4)
k=0 k=0
n n n
—z~ 1! Z sz;H,ka —rg ! Z kszg + ra 1 Z szkz
k=0 k=0 k=0
Then, using

Wo = (W1 + sWo)
and Theorem 1.1 and solving the system (3.2)-(3.4), the required results of (a) and (b) follow.
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3.1 TheCasexr =1

The case x = 1 of Theorem 3.1 is given in [18]. In this subsection, we only consider the case
x =1,r = 1,s = 2 and we present a theorem which its proof is different than given in [18]).

Observe that setting = 1,7 = 1,s = 2 (i.e. for the generalized Jacobsthal case) in Theorem 3.1 (a)
and (b) makes the right hand side of the sum formulas to be an indeterminate form. Application of
L'Hospital rule (using twice) however provides the evaluation of the sum formulas. If z = 1,r = 1,s =
2 then we have the following theorem.

Theorem 3.2. Ifx =1,r = 1,s = 2 then forn > 0 we have the following formulas:

@ Yh o kWE = L(Bn® + 9n — 5B8)Wpis + (120 4 6n — 238)Wp iy — 4(3n” 4 3n — 58) W11
Woio 4+ 64W7T + 232W5 — 232, ).

(b) S0 EWieiWi = & ((=3n2 4 3n + 58)W2,, — 4(3n> + 3n — 58)W2,, + (12n* + 18n —
k=0 54 + +
238) W2 Wit — 52WE — 232W¢E + 244W1 Wo).

Proof.

(a) We use Theorem 3.1 (a). If we setr = 1, s = 2 in Theorem 3.1 (a) then we have

n
kyrr2 fi(=)
Z ka" Wy = 2 2 2
2 (22 + 1) (42 — 52 + 1)
where
fi(z) = —zn+2(n — 9z + 20na® — 16na® — 5na + 1222 + 42° + 2)W§+2

71n+1(n — 6x + nx? + 32na® — 12nz? — 16nz° — 6ne + 9z? — 42° + 360t + 1)W3+1
+4(L’n+3(61' — n+ 6nz? — 8nz’ + 3nx + 62> — 3)Wiy4oWh1

+a(162* — 162° + 1202 — 4o + 1)W] + 422 (42> + 1227 — 9 + 2)W7 — 422 (82> + 3z — 2)W; Wo.

For z = 1, the right hand side of the above sum formulas is an indeterminate form. Now, we
can use L'Hospital rule. Then we get

i Wi = i (A(0)
k=0 (2w +1)* (2% — 5z +1)%) z=1
- i((3n2 +9n — 58)Wyi o + (12n” + 6n — 238) Wy,

—4(3n% + 3n — 58) Wyt 1 Wiyo + 64WT + 232W5 — 2320, Wo).

(b) We use Theorem 3.1 (b). If we setr = 1,s = 2 in Theorem 3.1 (b) then we have

Z kmkaHWk _ . f2(x) .
= (22 4+1)° (422 = bz + 1)
where
fo(z) = x"+2(3x — n + 6nz? — 8nz® + 3na + 82> — 2)W12z+2

+4zn+3(61 —n+ 6nz’ — 8na> + 3nz + 6x2 — 3)W72L+1
7zn+1(n — 2z — Tna? + 26na° + 16nz* — 32n® — 4nz — 322 + 8z + 324 + D)Wy oWyt

+a(—16a> + 627 + 1YW — 422 (8¢ + 3z — 2)W2 + 22(16a* + 82 — 922 + 20 + 1)W1 Wy
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For z = 1, the right hand side of the above sum formulas is an indeterminate form. Now, we
can use LHospital rule. Then we obtain

(f2(z))
(4z2 — 5z +1)?)

=8

KWW, =
kZ:O - (w41

x=1
1 2 2 2 2
= (=307 4 3n 4+ 58)Wiiz — 4(30° + 30 — 5OW,
+(120° + 181 — 238) Wi 4o W1 — 52W2 — 232W2 + 244W, Wo).

Note that different forms of the sum formulas of the above Theorem (b) and (c) are given in [18].

From the last theorem we have the following corollary which gives sum formulas of Jacobsthal
numbers (take W,, = J,, with Jo =0, J; = 1).
Corollary 3.3. Forn > 1, Jacobsthal numbers have the following properties:

@ Y okJi = 5((3n°+9n—58)J; o+ (12 +6n—238)J5 1 —4(3n” 4 3n — 58) Jni1Jnia +64).
(b) Yh_ o kJes1Jk = o5 ((—=3n*+3n+58)J7 o —4(3n°+3n—58)J7 1 +(12n° +18n—238) Jny2Jni1—
52).

Taking W,, = j, With jo = 2,51 = 1 in the last theorem, we have the following corollary which presents
sum formulas of Jacobsthal-Lucas numbers.

Corollary 3.4. Forn > 1, Jacobsthal-Lucas numbers have the following properties:

(@) >p_okir = 5 ((3n* +9n—58)jn o+ (12n° 4+ 6n— 238)j7 1 — 4(3n” + 31— 58) jnt1jnr2 + 528).

(b) >r o kjr+1je = o5 ((—3n° +3n+58)j7 o —4(3n° +3n—58) 1 1 + (12n° + 180 — 238) jnr2jn+1 —
492).

3.2 TheCaser = -1

We now consider the case © = —1 in Theorem 3.1. The following theorem presents some summing
formulas of generalized Fibonacci numbers with positive subscripts.

Observe that setting z = —1,r = 1,s = 1 in Theorem 3.1 (a) and (b) makes the right hand side of
the sum formulas to be an indeterminate form. Application of LHospital rule (using twice) however
provides the evaluation of the sum formulas. If z = —1,» = 1,s = 1 then we have the following
theorem.

Taking z = —1,r = 1,s = 1 in Theorem 3.1 (a) and (b), we obtain the following proposition.
Theorem 3.5. Ifx = —1,r = 1,s =1 then forn > 0 we have the following formulas:

@ Yp_ o k(=)W = L ((=1)" ((5n° + 10n — 31)W,2 5 + (=5n° + 5n + 41)Wry, — (5n° + 15n —
26) W1 oWit1) — 36WE + 31WE 4 36W1 o).

(b) >Sr o k(=)W1 Wi = S((=1)" ((5n* + 5n — 36)Wp 1o — (5n° 4+ 15n — 26)W, 4, + (—5n° +
157 + 46) Wy 2 Wht1) — 36WT 4 36W§ + 26W1W0).

Proof.

(a) We use Theorem 3.1 (a). If we setr = 1,s = 1 in Theorem 3.1 (a) then we have

P2 — g1(z)
kzzo R T D22 -3z + 1)
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where
gi(z) = —a""(n—5z+3nz® —na' — 3nz + 42 +2° + )W,
—:c"“(n — 4z + na® + Tna® — na® — dna + 32 + 22° + 42" + 1)Wﬁ+1
+21‘"+3(4x —n+2n2? — nz® + 2nz + 22% — 3)WitoWai1
ta(z — 22° + 42® — 20 + D)WE + 2% (2 + 42 — 5z + 2)WE — 22° (2® + 2z — 2)W W

For z = —1, the right hand side of the above sum formulas is an indeterminate form. Now, we
can use LHospital rule. Then we get

ik(fl)ng di(gl(x))
k=0

((z + l)lﬂz(ac2 —3z+1)?)

r=—1

d
dx
1 n 2 2 2 2

55 (1) ((5n” + 10 = B)WLiy + (=50 + 5n + AW,
—(5n% + 150 — 26) Wy 12 Wy 41) — 36W7F + 31WG + 36W1Wo).

(b) We use Theorem 3.1 (b). If we setr = 1,s = 1 in Theorem 3.1 (b) then we have

ke W W = 92()
kZ:O CRRE T )22 — 3n + 1)2
where
g2(z) = 22z —n+2n2” —na® + 2nx +2° - 2)W2,,

+2" 3 (4 — n 4 2na® — na® + 2nx + 22° — )W,
fx”H(n — 22 — nz® + 5na® + nz' — nz® — 3nz + 22 + 22° + 32" + DWhioWhia
a(—2% 4+ 207 + DWT — 22 (2 + 20 — 2)W§ + z(2” + 22° — 32° + 22 + 1) W W,

For z = —1, the right hand side of the above sum formulas is an indeterminate form. Now, we
can use LHospital rule. Then we obtain

s (92(2))
(& +1)2(2? — 32 + 1)2)

Z k(fl)ka+1Wk =
k=0

d
dx rz=—1
1

= (=" ((5n° 4 51 — 36)W, 5 — (5n° 4 150 — 26) Wi,

+(=5n% + 15n + 46)Woi2Wii1) — 36W{ + 36W5 + 26W1Wo).

From the above theorem, we have the following corollary which gives sum formulas of Fibonacci
numbers (take W,, = F,, with F, =0, F; = 1).

Corollary 3.6. Forn > 0, Fibonacci numbers have the following properties:
@ Sr o k(-1)*F2 = Z((-1)" ((5n* + 10n — 31)F7 > + (=5n” + 5n + 41)Fp oy — (5n° + 15n —
26)Frn2Fny1) — 36)

(b) > o k(—1)*Fry1Fr = &5 ((=1)" ((5n° +5n—36)Fy 5 — (5n° + 15n — 26) Fiayy + (—5n* + 15n +
46) Fpy2Fpy1) — 36).

Taking W, = L, with Ly = 2,L; = 1 in the last theorem, we have the following corollary which
presents sum formulas of Lucas numbers.

Corollary 3.7. Forn > 0, Lucas numbers have the following properties:
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@ Sr_ o k(=DFLE = (=)™ ((5n* + 10n — 31)L2 15 + (=5n* + 5n + 41) L2, — (5n® + 150 —

25

26)Lyt2Lnt1) + 160).
(b) >Sp o k(=1)*Lrs1Lr = =((=1)" ((5n* +5n—36) Ly o — (5n° 4+ 15n—26) Ly, + (—5n” + 15n+
46)Lpy2Ln 1) + 160).

Note that settingz = —1,r = 2,s = 1in Theorem 3.1 (a) and (b) makes the right hand side of the sum
formulas to be an indeterminate form. Application of LHospital rule (using twice) however provides
the evaluation of the sum formulas. If x = —1,r = 2, s = 1 then we have the following theorem.

Taking z = —1,7 = 2,s = 1in Theorem 3.1 (a) and (b), we obtain the following proposition.
Theorem 3.8. Ifx = —1,r = 2,s = 1 then forn > 0 we have the following formulas:

@ i k(=1)FWE = 5 ((=1)" ((4n® + 8n — 23)W2 5 + (—4n® + 16n + 43)W2,, — (8n® + 24n —

32

38) Wy 1 Wiao) — 2TWE + 23WE 4 54W1 o).

(b) S o k(—1)* Wi Wi = 5 ((—1)" ((4n® +4n — 201) Wi, — (4n® + 12n — 19)W,2,; — (8n® — 58)
WagaWag1) — 2TWE + 27TW§ + 50W1Wo).

Proof.

(a) We use Theorem 3.1 (a). If we setr = 2, s = 1 in Theorem 3.1 (a) then we have

- ha ()
k" Wi =
;O T T @020 — 6+ 1)2
where
hi(z) = —zn+2(n — 8z + 6nz°® — ne? — 6ne + 1022 + 423 + 2)‘/[/2Jr2

—a" T (n — 10z + 160> + 46n2> + 15na* — dna® — 10nz + 182° + 382° + 252 + YW,
+4a:"+3(1()z —n+ snx? — na® + 5nx + 522 — 3)WhyoWpp1 + z(z4 —2z° + 1022 — 2z + 1)W12

+a22 (4% + 1027 — 8z 4+ 2)W§ — 422 («® + 5z — 2) W Wo.

For x = —1, the right hand side of the above sum formulas is an indeterminate form. Now, we
can use L'Hospital rule. Then we get

n 4 (p
Zk(_l)kwlg _ . sz( 12(I)) 5
k=0 z ((z +1)%(2? — 62 + 1)) z=-1
- %((—Un ((4n® 4 8n — 23)Wiys + (—4n® 4 16n + 43) Wi,

—(8n® 4 24n — 38) W11 Wiya) — 27TWT + 23W¢ + 54W1 o).

(b) We use Theorem 3.1 (b). If we set r = 2,s = 1 in Theorem 3.1 (b) then we have

i hz(l‘)
k" Wi Wi =
; TR T @ 1)2(a2 — 6w+ 1)2
where
ha(z) = 290"+2(5:c —n+5nz? — na® + 5nx + 2> — 2)WEHrz

+2zn+3(101 —n + sne? — na’ + 5nx + 522 — 3)Wﬁ+1
7zﬂ'+1(n — 8z + 14nz> + 26nz° + nzt — nz® — 9na + 2242 + 8z + 9z + D)Wy oWyt
+2z(—22% + 527 + YW — 222 (2® 4 52 — 2)WE + a(2? + 8% — 1822 + 8z + 1)W1 Wy
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For x = —1, the right hand side of the above sum formulas is an indeterminate form. Now, we
can use LHospital rule. Then we obtain

iz (ha(2))
L((z+1)2(22 — 62 + 1)?)
1

SR Wi W =
k=0

r=-—1

= ﬁ((_n" ((4n® +4n — 21)Wy, o — (4n® + 12n — 19)W2,,

—(8n° = 58) Wi oWiy1) — 2TWE + 2TW§ + 501 Wo).

From the last theorem, we have the following corollary which gives sum formulas of Pell numbers
(take W, =P, with Po :O,Pl = 1)

Corollary 3.9. Forn > 1, Pell numbers have the following properties:

@ Sp ok(=1)"P2 = L((=1)" ((4n® + 8n — 23) P2 5 + (—4n® + 16n + 43)P7, — (8n* + 24n —
38) Prt1Pny2) — 27).

(b) Sr o k(—1)*Pe1 Py = 5 ((—1)" ((4n® 4+ 4n — 27)Ppis — (4n® + 12n — 19)P7,; — (8n”® — 58)
PnioPni1) —27).

Taking W,, = Q. with Qo = 2,Q1 = 2 in the last theorem, we have the following corollary which
presents sum formulas of Pell-Lucas numbers.

Corollary 3.10. Forn > 1, Pell-Lucas numbers have the following properties:

@ Yr o k(—1)"QF = H((—1)" ((4n® + 8n — 23)Q% 1o + (—4n® + 16n + 43)Q% 1 — (8n° + 24n —
38)Qn+1Qn+2) +200).

(0) 3o k(=D Qri1Qk = % ((=1)" ((4n® + 4n — 21)Q2 15 — (4n® + 120 — 19)Q3 ., — (8n® — 58)
Qn+2Qn+1) + 200).

Taking z = —1,r = 1,s = 2 in Theorem 3.1 (a) and (b), we obtain the following proposition.

Proposition 3.1. Ifz = —1,r = 1,s = 2 then forn > 0 we have the following formulas:

@) i k(=D Wi = 555 ((=1)" ((30n — 19) W25 — (20n — 56) Wy —4 (101 — 3) Wit 2 Wiy1) —
49WE + T6W§ + 52W1 Wo).

(b) Sr o k(—1)* Wi 1 Wi = 225 ((=1)" ((10n — 13) Wy 5—4 (10n — 3) Wy, 1+(20n + 24) W oWig1)—
23WE + 52W§ + 4W1 Wo).

From the last proposition we have the following corollary which gives sum formulas of Jacobsthal
numbers (take W,, = J,, with Jo =0, J; = 1).

Corollary 3.11. Forn > 1, Jacobsthal numbers have the following properties:

@ Yr_ok(—1)"JF = 25 ((=1)" ((30n — 19) Jn o — (20n — 56) Ja 41 —4 (10n — 3) Jni2Jns1) —49).
(b) 2%3 k(—=1)*Jip1de = 155 ((=1)" ((10n — 13) J3 1o —4 (10n — 3) J5 11+ (20n + 24) Jnj2Jni1) —

Taking W,, = j, with jo = 2,51 = 1 in the last proposition, we have the following corollary which
presents sum formulas of Jacobsthal-Lucas numbers.

Corollary 3.12. Forn > 1, Jacobsthal-Lucas numbers have the following properties:
(@) Yo k(—1)% 52 = 115 ((=1)" ((30n — 19) j215 — (200 — 56) j2 1 — 4 (100 — 3) jusa2jns1) + 359).

(B) 7o k(1) Jisadn = 15 (—1)" ((10n — 13) 7215 — 4 (10 — 3) 241 + (200 + 24) jusajuss) +
193).
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3.3 TheCasez =1+1

We now consider the complex case = = 1 + 7 in Theorem 3.1. The following theorem presents some
summing formulas of generalized Fibonacci numbers with positive subscripts.

Takingz =1414,7 =1, s = 1in Theorem 3.1 we obtain the following proposition.
Proposition 3.2. Ifx =1+ ¢,r = s =1 then forn > 0 we have the following formulas:

(@) Yoho k(I+D) W = =255 (1 +10)" (2((3 + 44) n+5+50) W, 15 +((29 — 3i) n4+-29+17)) W 1 —
AT+ D) n+9+T)WpiaWair) — (3 — i) WE — (10 + 108) W¢ + (16 + 8i) Wi Wo).

(b) Si_o k(140" Wi Wi = =55 (1 + )" (—2((4 = 3)) n+ 4+ 20)W, 5 — 2((7+ i) n + 9+ 7i)
W2+ (21 + 3i) n + 21 4 130) Wa 2 Wai1) + (54 59) Wi + (8 + 4i) W5 — (5 + 51) WiWo).

From the above proposition, we have the following corollary which gives sum formulas of Fibonacci
numbers (take W,, = F,, with F; =0, F; = 1).

Corollary 3.13. Forn > 0, Fibonacci numbers have the following properties.

@) Yh_ok(1+) F? = =55 (1 + )" (2((3 + 4i) n+5+51) Fr o+ ((29 — 3i) n+29+170) Fyy 1 —
4((T4+)n+ 9+ 7)) ForoFni1) — 3 +1).

(b) i o k(1 + )" Fup1 Fr = =55 (1+4)" (=2((4 — 3i) n + 4 4 20) Fr o — 2((7+4)n + 9 + 7i)
F2 04+ (21 + 3i) n+ 21 + 130) Fryo Fry1) + 5 + 5).

Taking W,, = L,, with Lo = 2, L; = 1 in the last proposition, we have the following corollary which
presents sum formulas of Lucas numbers.

Corollary 3.14. Forn > 0, Lucas numbers have the following properties.

@) Yr_o k(14 L = =55 (1 +9)" (2((B+4i) n+5+5i) L5 2+ ((29 — 3i) n+29+17i) Ly 11 —
4(T+ )N+ 9+ 7)) LntreLlni1) — 11 — 234).

(b) Ypok(1+ ) Lip1Ly = =55 (L+1)" (—2((4 — 3i) n+ 4 + 2i) L3 5 — 2((T+ i) n + 9 + 74)
L2004+ ((21 +3i) n + 21 +130) LyyoLnt1) + 27 + 114).

Corresponding sums of the other second order linear sequences can be calculated similarly when
z=1+1.

4 SUMMING FORMULAS OF GENERALIZED FIBONACCI NUM-
BERS WITH NEGATIVE SUBSCRIPTS

The following theorem presents some summing formulas of generalized Fibonacci numbers with
negative subscripts.

Theorem 4.1. Letx be a complex number. Forn > 1 we have the following formulas:
If(s+ ) (r’z + 2sz — s> — 2®) # 0 then

(a)

S Q
kakWEk: 2,2 5 2 2)2
Pt (s+z)° (r?c + 2sz — s2 — z2)
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where
Q3 = zn+1(7‘1:4 —+ nz4 =+ 251:3 — 2nsz3 — nr2z3 — 2r25z2
—2321:2 + 2nsSm + m"252a: + 23390 — 54 — ns4)Wzn+1
+zn+1(nzs — 2nsz4 — 2n'r214 — 25213 + nr4:c3 + 43312 + 7"25212 + 2n53z2
+3n7‘23212 + 2n7‘4sz2 —+ n7‘4521 — 2r2s3z — ns4z — 2541 — 'r254 — n7‘2s4)WEn
727‘5zn+1(213 — nz® — sz? — r2g? + nra? + nsw? + ns’a + nrlsw — ns® — 53)W,"+1W,"
+z(z4 —2s2% — 25%z + 25222 + 202522 + 54)W12
+521:(745:1:2 +252z 4+ 122 — 222 4 22°% 4 27‘25m)W02 — 2rsz(512 +r22? 4% — 2m3)W1 Wo.
(b) )
Z kmkW_k+1W_k = 3 Q4 3
et (s+x)° (r?zx + 25z — s% — z2)
where
Qq = r:c"Jrz(an — 2% —nsz? — nr?2? — nr?sz — ns?z — rlsz — s2a + 253 + nsS)Wszrl
+r521n+1(n13 —22% — nsa? + sz? + r22? — nr?2? — ns?c — nrlsz + s3 + nsB)WEW
+a:"+1(n15 — sz4 — nsz4 — 2n7‘214 + nT413 — 277,5213 — 2r2513 =+ '1'4512 =+ 277,5312 —+ 25312

2.2 2

4

+2nrs x4+ nr sz — 2r2s3s + nste — % — nss)W,n+1W,n + 7"3:2(963 + 2 +r2sx - 2.93)W12

2

2 2

4_2

—rsTz(rfz” + $3 + sz? — 213)Wg + sz(2r2z3 — 2 24242 + st + z4 + 27‘2521)W1 Wo.

Proof. Using the recurrence relation

i.e.

and using

W_n+2 =7r X W_n+1 +sx W_,

Wy = Wi —rW_pis

SQWEH = (W_n+2 — TW_n+1)2 = W3n+2 —+ 7‘2W3n+1 — 2TW_n+2W_n+1

we obtain
s*nz" W2,
s2(n—1)z" " 'W2, 4,

s2(n—2)z" W2, 4,

s? x 4z W2,
82 X 31’3W33
$? x 22°W2,

2 1 2
s W2,

n:r"WEn+2 + r2na:"WEn+1 —2r X nz"W_,1oW_pi1
(n—1)a" "W2, 15+ 72 (n—1)a" W2, 40 — 2r(n — )" " WepiaWe o
(n—2)z" 2W2, 14+ 72 (n—2)z" 2 W2, 15 — 2r(n — 2)2" *W_ppaW_pis

4z W2,y + 2 r?AW?5 — 2r x 42 W_osW_s
3x3W31 + r23x3W32 —2r x 323 W_ 1 W_,
23c2W02 + :c27“22W31 —2r X 282 WoW_4
2 Wi+ 22 We = 2rat Wi W,

If we add the above equations by side by, we get

s? Z kx*W?, = 2'Wi+z (296 + 7"2) We —2ra' WiWo — (n + 1)xn+1WEn+1 (4.1)
k=1

Tt (2:13 +nr?+ne+ r2) WE,L +2r(n+ 1)mn+1W_n+1W_n

+(2® 4 r’x) Z kx" W2, + (22% + r’x) Z W2, — 2z Z k"W _p Wy,

k=1 k=1 k=1

—2rx Z ka,kHW,k

k=1
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Next we calculate > ;| kW_,11W_s. Using the recurrence relation

W_nga=rxXxW_pnp1+sxW_,

sW,n = W7n+2 - 7'an+1

and and multiplying the both side of the last relations by W_,, 1 we get
SWeng it Wen = Wep oW — W2,

and so we obtain

sXnE"WeopiaWeop = nz"WeopioWoni1 —r x nz" W2,y
sx(n—=1)2" " WepioaW_nin = (n—1z" "W_piaWopnio —rx (n—1)z" "W2,,,
sxX (n—=2)2" W piaWeonioe = (n—2)a" *W_piaWoniz —r x (n—2)z" *W2, 5
sx Az W_sW_y = 4z'W_oW_3 —r x da* W2,
s X 32°W_oW_y = 32°W_1W_p —r x 32°W?,
sx 20PW_W_o = 20°WoW_1 —7 x 207 W2,
seWoW_1 = aWi1Wy—1r X a:W02

If we add the above equations by side by, we get
n
s Z ksz,;H,l W_, = 77‘ng + Wi Wy + r(n + 1)17n+1W3n —(n+ 1)zn+1W,n+1W,n (4.2)
k=1

n n n n
+x Z ksz,k,+1W,k + Z IkW—k+1W—k —rz Z kaWEk —rz Z szEk(4.3)
k=1 k=1 k=1 k=1

Then, using Theorem 1.2 and solving the system (4.1)-(4.2), the required results of (a) and (b) follow.

41 TheCasexr =1

The case x = 1 of Theorem 4.1 is given in [18]. In this subsection, we only consider the case
x =1,r = 1,s = 2 and we present a theorem which its proof is different than given in [18] (in fact the
formulas given in the following theorem are in different forms than given in [18]).

Observe that setting x = 1,7 = 1,s = 2 (i.e. for the generalized Jacobsthal case) in Theorem 4.1 (a)
and (b) makes the right hand side of the sum formulas to be an indeterminate form. Application of
L'Hospital rule (using twice) however provides the evaluation of the sum formulas. If x = 1,r = 1,5 =
2 then we have the following theorem.

Theorem 4.2. Ifx =1,r =1,s = 2 then forn > 1 we have the following formulas:

(@ Sh_ kW2, =L((Bn* =3n—4)W2, 11 + (120" + 18n 4+ 8)W?2,, —4(3n” + 3n+ 2)W_n 1 W_p

+AWE — 8W§ + 8W1 o).
(b) Sp_ kW o1t Woip = Z(=(3n® + 9n + 8)W2, 1 — 4(3n® + 3n + 2)W?, + (12n° + 6n —

54

W a Wy, + 8WE + 8W§ + AW1Wo).

Proof.
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(a) We use Theorem 4.1 (a). If we setr = 1,s = 2 in Theorem 4.1 (a) then we have

= kyr2 f3($)
;kw Wk = o) (22— br + 1)

fa(x) = —2"T'(16n — 16z 4 na® — na* — 20nx + 122° — 42° + 2* +16)W2,, 4
—z" " (16n + 48z — 32na® — na® + 6na* — na® + 12na — 362° + 82° + 16)W?2,
+4m"+1(8n — 3nz? 4+ na® — 6nr + 327 — 22° + 8YW_ i1 W_,,
ta(zt — 42® +122° — 162 + 16)W7
+4x (2:03 — 922 + 12z + 4) VV02 — 4z (—2x3 + 32> + 8) WiWo.

For x = 1, the right hand side of the above sum formula is an indeterminate form. Now, we
can use LHospital rule.

S, - o BhE)
P &z +2)7 (@ =5z +4)7)|
= —(3n*=3n—4HW?, 1 + (120" + 18n + 8)W?2,,
—4(3n° + 3n 4+ 2)W_p 1 Wep, +4W] — 8W + 8W1 o).
(b) We use Theorem 4.1 (b). If we set r = 1,s = 2 in Theorem 4.1 (b) then we have

fa(z)
(x+2)° (22 — 5z 4 4)°

n
k
E kx W7k+1W7k =
k=1
where
fa(z) = —zn'+2(61 —8n + 3nz? — na® + 6na + 2° — 16)W3n+1
+4a:n+1(8n — 3ngz? + nz® — 6nae + 322 — 24° + S)Win
7wn+1(32n + 162 — 26nz2 + Tna> + anz* — nz® — 16nz — 1822 + 422 + 242 +32)W_ 1 W_y,

+a? (a° + 60 — 16) Wi — 40 (—20° + 32° + 8) W5 + 20 (2" + 20° — 92° + 80 + 16) W1 Wo.

For = 1, the right hand side of the above sum formula is an indeterminate form. Now, we
can use LHospital rule.

& (fa(@))

KW_ppaW_yp =
Z k+1 k %((JS"’ 2)2 (CCQ _5p +4)2)

k=1

r=1

1
a(—(3n2 +9n+8)W?2, 1 —4(3n° +3n+2)W2,

+(12n°% 4 6n — A)W_p A W_,, + 8WT + 8WG + 4W1 Wo).
Note that different forms of the sum formulas of the above Theorem (b) and (c) are given in [18].

From the last theorem we have the following corollary which gives sum formulas of Jacobsthal
numbers (take W,, = J, with Jo =0, J;1 = 1).

Corollary 4.3. Forn > 1, Jacobsthal numbers have the following properties:
@ Yh kJ2p=5(Bn®—3n—4)J2, 11+ (12n° + 18n+8)J2, —4(3n° +3n+2)J _ni1J_n +4).
(b) Y kJ k1 = 25 (—(3n*+9In+8)J2 1 —4(3n*+3n+2)J2 ,+(12n°+6n—4) J_p11J_n+8).

i3l
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Taking W,, = j, with jo = 2,51 = 1 in the last theorem, we have the following corollary which presents
sum formulas of Jacobsthal-Lucas numbers.

Corollary 4.4. Forn > 1, Jacobsthal-Lucas numbers have the following properties:

(@ Yh_ i kily=5(Bn" —=3n—4)52, 1 4+ (12n* + 180+ 8)52,, —4(3n* +3n+2)j ni1j-n — 12).
(b) Y r kj—kr1i—k = 55 (—(3n°+9In+8)42 11 —4(3n°+3n+2)42 ,,+(12n°+6n—4)j _n4+1j-n+48).

4.2 The Case z = —1

We now consider the case x = —1 in Theorem 4.1.

Observe that setting z = —1,r = 1,s = 1 in Theorem 4.1 (a) and (b) makes the right hand side of
the sum formulas to be an indeterminate form. Application of LHospital rule (using twice) however
provides the evaluation of the sum formulas. If z = —1,» = 1,s = 1 then we have the following
theorem.

Theorem 4.5. Ifx = —1,r = 1,s = 1 then forn > 1 we have the following formulas:

@ p_ k(=1)W?, = L((-1D)"((36 — 5n*)W?2, 1 + (5n° + 15n — 31)W2, — (=5n° + 5n +
36)W_pi1W_r) — 36WE + 31WG + 36W1 Wo).

(b) S k(=)W i W = &H((=1)" (= (5n® +5n— 36)W2,, 11 + (5n° — 5n — 36)W2,, + (5n° +

25m — 26)W_ 1 W_y) — 36W{ + 36W§ + 26W1Wo).

Proof.

(a) We use Theorem 4.1 (a). If we setr = 1,s = 1in Theorem 4.1 (a) then we have

= kyr2 gs(z)
kz::lk“ Wor = G2 — 3a 1 172

where

g3(x) = —z"(n -2z +3n2® —na’ —3nz +42° — 220 + 2+ D)WL
—z" M (n+ 4z — Tna® — na® + dna® — na® — 52 + 22° + 1)W?2,
+2x"+1(n —onz? +na® — 2nx + 222 — 22° + DW_ i aW_y,
tx(z* - 22° + 42® — 2z + 1)WY
+a (22° — 52® + 4z + 1) W3 — 22 (—22° + 22° + 1) Wa W

For x = —1, the right hand side of the above sum formula is an indeterminate form. Now, we
can use LHospital rule.

N 2 (95(2))
;k( Ve = i (@ +1)2(2? =3z +1)?)

rz=—1
2%((—1)" (36 — 5n*)W?2, 1 + (5n° + 15n — 31)W?2,
—(=5n° 451+ 36)W_, 1 W_y,) — 36W{ + 31W§ + 36W1 Wo).

(b) We use Theorem 4.1 (b). If we setr = 1,s = 1 in Theorem 4.1 (b) then we have

ok _ ga(x)
;]m WorntWor = 2 (02 — 30 1 1)2
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where
gi(x) = —ax"*(2c —n+2n2® —na® + 2nx 4+ 2° — 2)W2,

+2" (0 = 2n2® + na® — 2nx + 227 — 22° + )W,

—2" " (n + 22 — 5nz? + na® + 3nz* —na® —nx — 322 +22° + 2t + DW_ i W_,

+a(a® 4 22 — 2)WT —x (72m3 + 22° + 1) W§ + (x4 +22° — 32° + 2z + 1) Wy Wo.
For x = —1, the right hand side of the above sum formula is an indeterminate form. Now, we
can use L'Hospital rule.

n d
z (9a(2))
k(—1)"W_jpWoy, = s
; ( ) k+1 k %((erl)Q(mQ 73:E+1)2) e
1
= —((=1)"(=(5n* +5n — 36)W?2,, 11 + (5n° — 5n — 36)W?2,

50
+(5n% 4+ 25n — 26)W_p, g 1 W_,,) — 36W7 + 36W5 + 26W1Wo).

From the last theorem, we have the following corollary which gives sum formula of Fibonacci numbers
(take W, = F, with Iy = 0, Fy = 1)

Corollary 4.6. Forn > 1, Fibonacci numbers have the following properties:

@ Sr k(—1)"F?, = £ ((-1)" ((36—5n°)F2,, 1 +(5n*+15n—31) F2,, — (—5n°+5n+36) F_ 11 F_n)—
36).

(b) > k(—D)*F 1 Foy = 5((=1)" (=(5n° + 5n — 36)F2,, 11 + (5n* — 5n — 36)F2,, + (5n° +
25m — 26) F_py1F_») — 36).

Taking W, = L, with Ly = 2,L; = 1 in the last theorem, we have the following corollary which
presents sum formulas of Lucas numbers.

Corollary 4.7. Forn > 1, Lucas numbers have the following properties:

@ Sp_ k(=1 L%, = £ ((=1)" ((36—5n*)L2 41 +(5n°+15n—31) L2, —(—5n°+5n+36) L _ni1L_n)+
160).

(b) > k(-1 L_jp1Lp = &((—=1)" (—=(5n® +5n — 36)L% 1 + (5n° — 5n — 36) L2, + (5n° +
250 — 26)L_nt1L_n) + 160).

Note that setting z = —1,7 = 2, s = 1 in Theorem 4.1 (a) and (b) makes the right hand side of the sum
formulas to be an indeterminate form. Application of LUHospital rule (using twice) however provides
the evaluation of the sum formulas. If x = —1,r = 2, s = 1 then we have the following theorem.

Theorem 4.8. Ifx = —1,r = 2,s =1 then forn > 1 we have the following formulas:

@ Sr_ k(—1)FW2, = L((—1)" ((—4n® + 21)W?2, 11 + (4n* + 24n — 23)W2,, + (8n® — 8n — 54)
W_ 1 W_p) — 2TWE + 23W§ + 54W1 Wp).

(b) Sr_ k(—D)*W_ Wy = S ((—1)" ((—4n® —dn+20)W?2, 1 + (4n® —dn —27)W2,, + (8n° +
161 — 50)W_p 1 W_,) — 2TWE + 27TWE 4 50W1 W).

Proof.

(@) We use Theorem 4.1 (a). If we setr = 2, s = 1 in Theorem 4.1 (a) then we have

ST hs(z)
;k‘” Wor = G2 6o 1 172
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where
h3(x) = 71n+1(n — 2z + 6nz> — net — 6na + 1022 — 222 + z* + 1)W3n+1
—x"+1(4n + 10z — 46nz? — 16nz° + 10nz* — nz® — 15nz — 822 + 242 + 4)WE,,L
+42" T (n = 5na® + na® - sne 4 527 — 22° + HW_,, W, + 2(2? — 22° + 100% — 22 + W]
ta (213 — 822 + 10z + 4) We — 4z (—2z3 4522 4 1) W1 Wo.
For z = —1, the right hand side of the above sum formula is an indeterminate form. Now, we can use L'Hospital rule.

d
n w2, = dz (h3(=))
L=y REDTWE, = A (@+D2 @2 —6a+1)2) | _ |

= L ()" ((—4n? +21)W2 | + (4n? + 24n — 23)W2
+ (8n2 — 8n — 5BAYW_,, 1 1 W_y,) — 2TWE + 23WE + 54W71 Wo).

(b) We use Theorem 4.1 (b). If we setr = 2, s = 1 in Theorem 4.1 (b) then we have

h4($)
(z+1)2(22 — 6z + 1)2

n
> katWo g Wy =
k=1

where

ha(z) = —22"T%(5z —n+5n2” —na® + 50z +2° — W2,
+22" 1 (n — 5na? + na® — sne 4+ 527 — 22° + W2
—2" T (n + 82 — 26n2” — 14na® 4 9na® —na® —nz — 1822 +82° + 2t + HYW_,, W,
+222(2% + 53 — 2)W2 — 20 (—2303 + 522 + 1) W2t (324 + 822 — 1822 + 8z + 1) W1 Wo.
For x = —1, the right hand side of the above sum formula is an indeterminate form. Now, we
can use L'Hospital rule.

- ) £ (h(x))
;k( 1) W itWop = i((a:+1)2(332 —63;‘-1—1)2)

r=-—1

55 (D" (—4n® —4n 4+ 2T)W?2, 1 + (4n® — 4n — 21)W2,,

+(8n% 4+ 161 — 50)W_ i 1 W) — 2TWT + 27TW5 + 50W1 Wo).

From the last theorem, we have the following corollary which gives sum formulas of Pell numbers
(take W,, = P, with Py =0, P, = 1).

Corollary 4.9. Forn > 1, Pell numbers have the following properties.

(@ Sp_ k(=1 P2, = L((-1)" ((—4n® + 27)P%, 1 + (4n® + 24n — 23)P?,, + (8n® — 8n — 54)
P_,1P_,) —27).

(b) Sr_ k(—1)*P_py1 Py = S((—1)" ((—4n® +27) P2, 1 + (4n® +24n—23) P2, + (8n”® —8n —54)
P_,1P_y) —27).

Taking W,, = Q. with Qo = 2,Q1 = 2 in the last theorem, we have the following corollary which
presents sum formulas of Pell-Lucas numbers.

Corollary 4.10. Forn > 1, Pell-Lucas numbers have the following properties.

@ i k(-1)*Q%, = H((-1)" ((—4n® + 27)Q% .11 + (4n® + 24n — 23)Q2,, + (8n® — 8n — 54)
Q*'nﬂ»len) + 200)

(b) Sr_ k(—1D)*Qks1Q-k = 5 ((—1)" ((—4n® — 4n +27)Q2% .11 + (4n® — dn — 27)Q%,, + (8n> +
161 — 50)Q _nQ_n11) + 200).
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Taking z = —1,7 = 1,s = 2 in Theorem 4.1 (a) and (b), we obtain the following proposition.

Proposition 4.1. Ifx = —1,r = 1,s = 2 then forn > 1 we have the following formulas:

(@ Sor_ k(—1)*W2, = 2 ((=1)" ((30n +49) W2, 1 —(20n + 76) W2, —4 (10n + 13) W_ .1 W_,,)—

100

AW 4 T6W§ + 52W1Wo).
(b) Sp_ k(=1 *W_ Wy = 55 ((—1)" ((10n + 23) W2, 1 —4 (10n + 13) W2, +(20n — 4) W_p i W_p,)—
23WE + 52WE + AW Wo).

From the last proposition, we have the following corollary which gives sum formula of Jacobsthal
numbers (take W,, = J, with Jo =0, J; = 1).

Corollary 4.11. Forn > 1, Jacobsthal numbers have the following properties:

@ Yp k(=1)FJ2, = 35 ((—1)" ((30n +49) J2,, 11 — (20n + 76) J2,, — 4 (100 + 13) J_pni1J—p) —
49).

(b) > k(=1 T p1Jk = 155 ((=1)" ((10n + 23) J2 1 —4 (100 + 13) J2,,+(20n — 4) J_ns1J-n)—
23).

Taking W,, = j, with jo = 2,51 = 1 in the last proposition, we have the following corollary which
presents sum formulas of Jacobsthal-Lucas numbers.

Corollary 4.12. Forn > 1, Jacobsthal-Lucas numbers have the following properties:

@ Sp_ k(=1 5% = 15 ((—=1)" ((30n +49) j2 11 — (20n + 76) j2,, — 4 (10n + 13) j_pi1j-n) +
359).

(b) > k- 1)( D jktri-r = 155 ((=1)" (107 +23) j2 11 —4 (100 + 13) 72, +(20n — 4) j-nt1j-n)+
193

43 TheCasez =1+

We now consider the complex case = = 1 + i in Theorem 4.1. The following theorem presents some
summing formulas of generalized Fibonacci numbers with negative subscripts.

Taking z =1+ 4,7 = s = 1 in Theorem 4.1 we obtain the following proposition.

Proposition 4.2. Ifx =1+ 4,7 = s =1 then forn > 1 we have the following formulas:
2((1 — 7i)n+5+5z)W_n+1W_n) — ( ) ( —Z) WO — (10+102) W1Wo).

(b) >, E(—1)*W_p i W_y = m((1 +1)" (((8 6i)n + 8 +4)W2,.1 + (1 —Ti)n + 5 +
5OVW2, + (5 +150)n+5+5)W_ it Wp) — (8 +4i) W — (5 + 5i) W& — (5 + 5i) WaW).

From the above proposition, we have the following corollary which gives sum formulas of Fibonacci
numbers (take W,, = F,, with F, =0, F; = 1).

Corollary 4.13. Forn > 1, Fibonacci numbers have the following properties.

@ Yh k1 +0)'F2 = =55 (A +0)" (T+i)n+3—))F2, 1 + (i —3 — (3—21i)n)F2, +
200 =7)n+5+5)F_ny1 Fon) —3+1).

(b) i k(1 4+ )" FpiiFop = =5 (149" (8—60)n + 8+ 4i))F2, 11 + (1 —-Ti)n + 5+
51)F2, + ((5+ 15i) n+5 + 5i) F_p i1 F_) — 8 — 4i).
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Taking W,, = L, with Lo = 2, L; = 1 in the last proposition, we have the following corollary which
presents sum formulas of Lucas numbers.

Corollary 4.14. Forn > 1, Lucas numbers have the following properties.

@ Yp_ k1 +0)"L = =55 (0 + )" (T+i)n+3—i)L% 11 + (i — 3 — (3—21i)n)L2, +
2((1=7i)n+5+5)L_ni1L_pn) — 3 +1).

(b) Sh_ k(1 4+ )" LogprLogy = =55 ((1+0)" (B—6i)n + 8 + 4i) L2,y + (1 = Ti)n + 5 +
5i)L%,, + ((5+15i)n+ 5+ 5i)L_np1L_pn) — 8 — 4i).

Corresponding sums of the other second order linear sequences can be calculated similarly when
r=1+71.
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