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Abstract

In this paper, we present a numerical method for solving linear and nonlinear Voltera integral-

differential equations.
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1 Introduction

Many phenomena of the physical world were described by integro-differential equations [1]. These
equations play a great role in the development in the explanation of new physical phenomena and
in the mathematcal formulation of several theories. For example, in the study of continuous media

or fields one is most often,interest in one of the following classes of phenomena:

(1) phenomena which consist of the propagation of some action; the medium itself is
not transported from one place to another; typical is the propagation of sound waves
in turbulent medium itself is not transported from one place to another[2];

(2) phenomena in which there is transport or diffusion of biological molecules in porous
soils [3].

Each class is ruled by essentialty one type integro-differential equation. Nowadays, integro-differential
equations arise in many physical processes, such as glass forwing proces[4] . nanohydrodynamics

[5], drop wise condensation [6], and wind ripple in the desert [7]. There are various numerical and

analytical methods to solve such problems, but each method limits to a special class of integro-

differential equations.

The purpose of this paper is to extend the analyses of Adomian decomposition method to solve

unidimensional example of Voltera linear and non linear integro-differential equations. General for

of k kind no linear integro-differential equations is :

W (x) = ) + A [ K ON(E w(t))dt
0

u®(0) =a, 0<i<k-1

where u®(0) = a (u(0)).

axk
In this paper, we present another numerical approach based on Adomian decomposition method

for solving second kind Voltera integro-differential equations.

This method is the combination of the method of the constants and the decompsition method of
Adomian. However, operator function in Voltera equation is'nt constant and we note that H(x).

Consequently, the new Voltera equation can obtain canonic form and Algorithm of Adomian.

2 Principle of Method

By k degree integration of equation (1), we obtain:

X1 Xk

u(x) =F(x) +A J e J K(xi, )N(t, w(t))dtdxy - - - dxi (2)
0 0

O
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with
e i X X1 Xk—1
F(x):Zai:—! +JJ J f(xx)dxy - - - dxk (3)
=0 00 0
Let’s make
X X1 XKk
H(x) :AJ J J K(xi, t)N(t,w(t))dtdx - - - dxx (4)
00 0
Then from equation (2) we have
u(x) = F(x) + H(x) (5)

}‘}f ka K(xie, )N(t, u(t)dtdx; - - - dxy
NPT (6)
AN [ [ Kl t) IN(, F(t) + H(t) — N(t,u(t)] dtdxy - - - dxx
00 0

Ho(x) = Afxf] e Xjk K (%1, t)N(t, w(t)dtdx; - - - dxi
00 X X? XK (7)
Hupi(x) = +A[ [ [ Klxi, t) [IN(t, F(t) + Ha (1)) — N(t, u(t)] dtdx; - - - dxi, Vn > 0
00 0
Thus,H(x) is obtain by the formula:
+oo
H(x) = ) Ha(x) (8)
n=0

We can determine H(x) and solution of the equation (2) is

u(x) = F(x) + H(x) (9)
3 Convergence of New Approach

3.1 Proposition

Vx € [a,¢],[F(x)] < m,V(x,t) € [a, s}z,\K(x,t)\ < M, IN(t,u(t)] < ¢ and N(t,u(t)) satisfy the
condition |N(t,y1) — N(t,y2)| < Ly — ya2|

Then, the following algorithm is converging

X1 Xk

[ [ Kba, )N(t,u(t)dtdxy - - - dxx

% O x (10)
= A [ [ Klxi, t) IN(t, F(t) + Hn(t)) — N(t,u(t)] dtdxq - - - dxx, ¥ > 0

0 0

kel

1

Hn+1

o%



Yindoula et al.; ARJOM, 8(3), 1-15, 2018; Article no. ARJOM.35810

3.2 Proof
We know
x X1 XK
[Ho(x)| = ‘7\]‘ I ] K, )N(t, u(t)dtdxg - - - dxx
D% O xg (11)
Hae1 ()= A [+ [ K(xi, t) IN(t, F(t) + Hn(t)) — N(t,u(t)] dtdx; - - - dxx |, Yn > 0
00 0
—
X X1 Xk
Ho(x) = [ -+ [ Klxx, t)N(t,u(t)dtdxs - - - dxi | < [A[Me(x — a)
00 0
x X1 Xic
Hi ()l =Al| [ [+ [ Kl t) IN(t, F(t) + Ho(t)) — N(t, u(t)] dtdx; - - - dx
00 0
(AIMe(x—a))?
S (12)
X X1 XKk
|Hn | = |}\| J‘ J‘ J‘ K Xk)t) [N (t»F(t) + Hn—] (t)) - N(t)u(t)} dth] et ka
00 0
(IA|Me(x—a))™ !
< e (eD)”
hence from (12) we have
+o0 400 n+1 +00 i
S [Hal Z (IA[Me(x — a)) (eL)™ = (AIMeL(x —a))" 1 _ exp(A[MeL(x—a)) —1
nl (n+1)! — il el el
(13)
So the method is convergent
4 Application
4.1 Second kind voltera intogro-differential equations
4.1.1 Example 1
Let us consider second kind Voltera linear integro-differential equation :
Wix) =1 — [u(t)dt
{ (14)
u(0) =1
Solving
Let us for state equation
u(x)=1-— Ju(t)dt (15)
0
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By integration equation (15) so x, we have canonic form of Adomian:

X

u(x):]-l—x—J J%u(t)dt dz
0 \0

Let’s make

H(x):f Iu(t)dt dz
o \o

the equation (16) is written
u(x) =1+4+x—H(x)

By replacing u(x) of equation (17), we obtain:

H(x) :J J[l +t—H(t)) dt) dz
0

Thus
H(x) = %x‘“ + %xz ,J JH(t)dt dz
0 \o
Let’s make
+oo
H(x) = > Hn(x)
n=0
we have
“+oo 1 1 +oo X [ Z
D Ha(x) = gx3 + zxz — J JHn(t)dt dz
n=0 n=0 0 0

to find Adomian algorithm:

(17)

(19)
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After calculations, this algorithm gives

Ho(x) = $1%* + %7

Hi(x) = —%XS — %XA

Ha(x) = %7 + 4x° (24)
Hs(x) = ,%,ﬁ — %xg

So, H(x) can be written as:

H(x) = Ho(x) + H1(x) + H2(x) + H3(x) + - - -

1

1.3, 1.2 1.5 5 4 1.7, 1 .6 1 9 8
eX + 2X" = 335%X" — 725% T 50a0% T 720X ~ 362880% — @0320% T

20

(1.2 1.4 1.6 1.8 1.3 1.5 17 1 9
= (3% — 22" + 735%° — qo520%X" + 1) + (8% — 1% + 030X~ 3e7880% T )
(25)
Consequently
u(x) =1+4+x—H(x)
_ 1.2 1.4 1.6 1.8 1.3 1.5 17 1 9
u(x) =T4x— (3% = 23%" + 535%° = g5330%" + ) = (5% = 726%” + 500X — 357880 T )
_ 1,2, 1.4 1.6 1.8 1.3 1.5 17 1 9
u(x) = (1= 3% + 25%" = 535%° + g320%" =) + (x = 5% + 725%” — 500X + 357880% T )
u(x) = cosx + sinx
(26)
With exact solution equation of example 1:
u(x) = cosx +sinx (27)
4.1.2 Example 2
Consider the following integro-differential equation:
/ I‘ 2x—t
u'(x) =e* (1 —xe*)+ [ e™ tu(t)dt
0 (28)
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Solving

Let us consider the following equation
u(x) =e* (1 —xe¥) + J e2tu(t)dt (29)
0

Integration of equation (26) gives canonic form of Adomian:

X 1 1 2x 1 2x [ ( 2s—t
u(x) =e 17 3xe +4e +J Je u(t)dt | ds (30)
0 \o
Let’s make
H(x) :J Je“*tu(t)dt ds (31)
0 \o
Equation (30) gives:
X 1 2x 2x
u(x) 7] er +4e + H(x) (32)
By replacing equation (32), equation (31) gives:
[N T TP -
H(x) = e e =~ Ete + 1€ dt | ds + e H(t)dt | ds (33)
0 \o 0 \o

Then

1 1 2x 1 2x 1 x 1 2x 11 3x 1 3x 1 ( ( 25—t
Hx)=1{ -+ 3 - — +-e —zeT 4+ —e — = - —+ H 4
(x) <4 er 4e ) 4e 2e 366 6xe 13 e (t)dt | ds (34)
0 \o
Equation (34) is canonic form of the new approach: Let’s make:

+o00
H(x) = ) Ha(x) (35)
n=0

By replacing equation (35) in equation (34), we have:

172 4

n=0

+o00 +oo X
Z Hn(x) = (1 + 1xezx — 1€2X> + lex — 1eZX + ue3X — 1xe3x _ 1 + J Jezs*tHn(t)dt ds
0

o

(36)
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Then, algorithm Adomian modified is :

Ho(x) = % + %xez" — %ez"

Calculate Hj(x)

X
_ X 1,.2x 11 3% 3x 1 2s—t
Hi(x) = ye* — Je®* + ;1e’* — ixe f§+£<£e Ho(t)dt)ds
_1.x 1 ,2x 11 . 3x _ 1 .,.3x _ 1 1,,.3x 1 ,x 1 ,2x 11 ,3x a1
=gze — 3¢ +3g€ xe 18 T gxe 3¢ + 3¢ 6¢ t 13
H](X):O

Recursive calculate gives

Consequently
- 11 50 15,
H(x) = ) Ha(x) =Ho(x) = ; + 5xe™ — Je
n=0

Then, we have following exact solution of example 2:

u(x) =e* — % — %xez" + %ez" + H(x)

2x 1 2x 1 ,2x 1 ,.2x
xe™" + 3xe”" + ze"" — ze

Then

4.2 Type 2 Voltera nonlinear integro-differentials equations

4.2.1 Example 3
Consider the following type 2 Voltera integro-differential equation :

W) =3 —3x—Ix* —3e ¥ — Te > + [(x — thu’(t)dt

0
u(0) =2

Solving by Adomian
We have

L B Y LI + J(x — tu?(t)dt
0

(39)

(40)

(41)

(42)

(43)

(44)
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Integration as x of equation (41) gives

u(x) = u(0) +J (% — %s g 3e° efzs) ds +J f(s —tu?(t)dt | ds (45)
Then
- 9 x 1 —2x 5 2 1 3 9 2
u(x) = 4X+36 + i X 6X 3 + (s —tu(t)dt | ds (46)
0 \0
Let’s make:
X S
H(x) = J J(s —tju’(t)dt | ds (47)
0 \0
—x 9 —x 1 —2x 5 2 1 3 17
= Zx+42 il N L O LA
u(x) = (e +1)+4x+ e+ ge 2 X 3 + H(x) (48)
By replacing u(t) by its expression in the equation (47), we obtain:
Tl 9 1 5, 15 9 2
H(x) = J J(s —1t) (Zt +3e '+ ge*Zt — th — gt3 —gt H(t)) dt | ds (49)
Then
M) = (3x— 267 — Je 24 S 4 10 + ) 4+ M08 4 oo — 1o
3]—66’3" — 4017674" + %xe’X + ;—er’z" + %xze”‘ + ]]—zee’z" +x3e ™ + ]]ﬁXSe’Z"—
T+ g = e X — e mmee o T — s
x S x S
[ (j(s —t) (t+6e t+tet—32 -1 -9 H(t)dt) + (j(s —t)HZ[t)dt>
0 \o

0 \o

(50)
Let’s make: )
H(x) = > Hn(x)
s (51)
H (1) = 3 An(t)
n=0
whith A, were Adomian special polynomial
Ao =H3
Aq = 2HoH; (52)

Az = 2HoH, + H?
A3z = 2HoHz + 2H 1 H;2
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The modified Adomian algorithm for this equation is the following:

9 — 1,2 5,2 1.3 17
HO(X):71X726 X*ge X+ZX +EX *‘r?

__ 149741 473 ,—x 117 ,—2x 1 ,—3x 1 —4x 135 —X 3 —2x
Hilx) = 5o x+ 757" — g5 7 = 36¢ 7" —qopg€ | T opxe T+ gpxe T

33,2,—x 4 1.2,-2x 3,—x 1 3,-2x 3095.2 , 17 .3 _ 27 .4
SXx"e T4 qexTe +x’e "+ q5zx7€ — B2 X T 353X — 738X tigX —

512
X S
7 6, 13 .7 5 .8 19 4324439
760X T 3360% T 7032% T 78745%X — 36864 +£(£(S*t)A°(t)dt +
9
7

160
x
J
0

(j(s —t) (St+6e 4 te -2 — 17— 2) Ho(t)dt>

0
Hna (X) =

S

T (j(s —t) (St+6e t+te Mt —3t2 - 13— 2) Hn(t)dt> +T (}(s - t)An(t)dt) v > 1
0 \o0 0 \0
(53)

Using Ho(x),calculate of Hj(x) gives:

o2 9 + 1 5 5,5 13172
Ao(t)—Ho—( Jte2et—ge Tt +6t+8) (54)

and

_ 149741 473 —x _ 117 ,—2x 1 -3 1 _—4x | 135.,-% , 3 u,—2x
Hi(x) = S5 x + °e * — 35¢€ — 3g€ — 759 € + 32xe * + Hxe T+

5

33,2,—x 1.,2,-2x 3,—x 1.3 ,-2x 30952 17 .3 27 4 21
FXe T+ gxe +x’e "+ 5zx7e — 73X+ 353X — 935X + 95X

7 6, 13 .7 5 .8 19 4324439 1.9 5 .8 13 .7
760X T 3360% T 7032% 1 78143% — 3686 T 1814a% T 3032% T 33600% —

59 6, 83 .5 514, 1 3.2(-x) 4 2.3.-x , 2893 |, 1 .2_2(—x) 2 —x
Tas0 ¢ T a30% 128 T 7ozX€ +3x7e T+ 3mxT + ggxTe +11x%

88692 | 3 o 2(—x) x 327943 1 _A(—x) _ 1 3(—x) _ 49 2(—x) , 163 o—x__
T536 X T 37%€ +45xe™ + 555X — g55g € 54 € € +Ze

8 13 7 61 .6 73 .5, 39,4 1 _.3.2(—x)_ 5.3 ,—x__
X Trza X+ 55X 550X T &gx sgX’e 3X°e

8968837 1 9
1680 720 240

10 5
110592 9072 2016

51,3 1
a X *gXe

2.2(—x) _ 55.2_,—x , 9077.2 3 . 2(—x) _ 225__-x _ 388583 1 4(—x)
7 + S X TgXxe =5>xe X+ 3538€ +

2 x°¢e 768 2608

5 3(—x) , 83.2(—x) _ 799 ~—x , 10971077
08¢ + e 7€ T 55206
(55)

10
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Thus

__(__4324439 _ 8968837 10971077 149 741 327943 _ 388583
H](X) - ( 36 864 110592 + 55296 ) + ( 3072 + 9216 4608 )X+

3095 8869 , 9077\ .2 17, 289 51\ .3 27 51, 39\.4
(— 5% — 536 T o) X +(334+334—a)x +(—7 — st &)X+

21 83 73\ 5 7 59 61\ .6 13 13 13\ 7
(780 + 280 — 330) X + (— 760 — 7aa0 + 720)X + (3385 + 360 — 1680)X +

5 5 5 8 1 1 1 9 473 163 799\ ,—x
(4032+403272016)X +(18144+1814479072)X +( st =2 — 73 )e +
1 1 1

(s — st a)e P+ (— 3557+ 70s) €+ (—a095 — 7056 T 2098) € F

(B2 a5 )xe *+ (2 -2 +1)x%e "+ (& + 5 —&)xe 7+

Hi(x) =0
(56)
In a recursive way, one deduces
An(t)=0,¥yn >1
(57)
Hn(x) =0,Yn > 1
Then, we have:
9 —x 1 —2x 5 2 1 3 17
= AV, P 2 Z 27
H(x) = Ho(x) 4x e 8e + 4x + 6X + 3 (58)
Thus, the solution of example 3 is:
ulx) = Ix+3e +ge = 3xr - IxP - 24
59
—Ix—2e—fe 43+ L4 I (59)
=e “+1
Then, the exact solution:
ux)=1+e™ (60)
4.2.2 Example 4
Consider the following second kind voltera integro-differential equation:
Wix)=3x%— % ¢ [ Ly (t)dt
s { * (61)
u(0)=0

11
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Solving

By integration equation (61) as x,we have:

u(x) =x> — 6]—4x8 +J J —tu?(t)dt | ds (62)
0o \o
Let’s make
H(x) = J 1 Jtuz(t)dt ds (63)
0 0
then the equation (62)gives:
u(x) =x> — lx8 + H(x) (64)

64
Replycing equation (63) inequation (62) gives Adomian canonic form:

_ 1. 1 s 1 1 I ]f 3_1ys I ]JS 2
H(x) = 64X + 13271O4X 5408X + . 2t(t 64t H(t)dt | ds + S tH(t)dt | ds
0 0 0 0

(65)
Let’s make N
H(x) = 3~ Ha(x)
L2 (66)
H(t) = 3> An(t)
n=0
Equation (65) gives:
e 1.8 1 18 113, (1} 3 1.8
Y Hn(x) = %% + 55555057% © — 578X~ + 2 j(;IZt (t°— 4t )Hn(t)dt> ds+
n=0 n=0 0 0 (67)

+o00 X S
> (g thn(t)dt> ds
n=00 0

Then, we have Adomian algorithm modified :

Ho(x) = #;x®
S

Hi(X) = 13m70a%' > — 5305~ + [ (% f2t (1 — 4t%) Ho(t)dt) ds+ [ (% tho(t)dt) ds
0 0 0 0

Hni1(x) = JX" <} TZt (- 4t%) Hn(t)dt) ds +T (} }tAn(t)dt> ds,vn > 1
0 0 0 0

(68)
where A, are given by:
Ao = H3
A1 = 2HoH
1 orty ) (69)
A, =2HoH + H1
A3z =2HoH;3 + 2H:H;
‘We have
B 1 18 1 13 LRE: 1 18 1 18
P = 935770 " 5208° T 5a08° 6352’ T iszzioa” O (70)

12
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Then, we have the following expressions

(71)
Hn(x) =0,¥yn>1
Then 1
H(x) = Holy) = x° (72)
Hence, the exact solution of example 4 is:
ux) =x> — lx8 + lx8 =x (73)
64 64
4.2.3 Example 5
Consider the following second kind Voltera integro-differential equation :
uw(x) =3e* —2e™ +2 [er 'ui(t)dt
0
W) =1 (74)
u(0) =1
Solving
By two degrees integration of two members of the equation (74) which satisfy initial conditions, we
have:
u(x) = 3e* — %ezx —x— % +2J J Jesftuz(t)dt ds | dz (75)
0 \o \o
Let’s make
H(x) =2 J J JeHuz(t)dt ds | dz (76)
0 \0 \0
we have: : 3
u(x) =3e* — Eezx —x—3 + H(x) (77)

By replacing this last expression in (76), one obtains the canonical form of Adomian following:
x _ 99 T.3% 4 1 x4 1 .2x 2 x x_ 202 5.3 1.4 _ 217
— X — €7 + g€ + gxeTT —6xTe’ +6xe’ — FXT — 3xX7 — X' — S5+

(} et (3et —lett —t—3) H(x)dt) ds) dz+
ZT (T (j st (H(x))? dt) ds> dz
o \o \o

H(x) = Ze** —

(78)

13
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Then, Adomian modified algorithm gives:
102 3
Ho(x) = —2e* + Je™ +x + 3

_ 1,x__ 107 15 ,2x 1 ,3% L X_QZ 5,3 1.4
Hi(x) = 3e X+ Je 3€7  + 5ge " + xe — 6x%e* + 6xe X" — 3% — gX

R R

Hn1 (%) 4} (f (fes tBet -1t —t—3) Hn(t)dt> ) dz—i-ZT (j (j eHAn(t)dt) ds> dz
0 0 \0 \O

(79)
Using equation (79), we calculate Hj(x) terms:
Thus
Hj (x) :%e"—]%x—o— %ezx—%e“—k x4+ Xe —6x%e +6xex—%79x2—§x3—
Ixt =381 4 x4 1053 4+ 10x% e + 22x% —xe®* — 10xe™ + 2 x — e+
503% _ 11 ,2x _ gex 4 1819 +77 53 _4xZex — 2952 4 xe X 4 ye*— (80)
9 2 a4 3 2
353 ot 2.3 7,2 22 2555
Tixt gge™ — g+ fe + Fe - BF
H, (X) =0
By recursive calculate, we have
An(t) =0,¥n >1
w(t) = 0,¥n > -
Hn(x) =0,¥Yn > 1
Then : ;
H(x) = Ho(x) = —2¢* + ie“ +x+ 5 (82)
Hence, the exact solution of example 5 is
u(x) = 3e* — Le?* —x — % + H(x)
(83)
u(x) =de* —2e +re— T +x+3-3
Thus
u(x) =e* (84)

5 Conclusion

In this paper, no specific physical mechanisms are discussed. It is more formal. On the other hand,
the aim of this article is therefore not to give a detailed numerical solving of any particular problems
of mathematical physics, but rather to mention only the validity of this new approach for solving

some linear and nonlinear second kind Voltera integro-differential equations. This approach is based

14
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on the use of Adomian decomposition method and method of constants. We have integral party
for obtain Adomian canonic form. Then, exact solution is obtain by pursuved classic or modified
Adomian method.We have merely tried to give general idea of what kind of problems have been

studied. Thus, this method can be used to solve successfuly some integro-differential equations.
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